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Abstract 

We investigate spectral properties of Gesztesy-Seba realizations Dx,a and Dx.i3 of the 1-D Dirac differen- 
tial expression D with point interactions on a discrete set X — {x,i}^^i C R. Here a := {an}^=i and 
/3 :— {/3„}5^i C R. The Gesztesy-Seba realizations Dx,a and -Dx,/3 are the relativistic counterparts of the 
corresponding Schrodinger operators Hx,a and Hx,^ with 5- and ^'-interactions, respectively. We define the 
minimal operator Dx as the direct sum of the minimal Dirac operators on the intervals {x„-i,x„). Then using 
the regularization procedure for direct sum of boundary triplets we construct an appropriate boundary triplet 
for the maximal operator Dx in the case dt{X) := inf{|a;i — Xj\ ,i j} = 0. It turns out that the boundary 
operators Bx.a and Bx,i3 parameterizing the realizations Dx.a and Dx,p are Jacobi matrices. These matrices 
substantially differ from the ones appearing in spectral theory of Schrodinger operators with point interactions. 
We show that certain spectral properties of the operators Dx,a and -Dx,/3 correlate with the corresponding 
spectral properties of the Jacobi matrices Bx.a and Bx,fi, respectively. Using this connection we investigate 
spectral properties (self-adjointness, discreteness, absolutely continuous and singular spectra) of Gesztesy-Seba 
realizations. Moreover, we investigate the non-relativistic limit as the velocity of light c — >■ oo. Most of our 
results are new even in the case d, (X) > 0. 
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1 Introduction 

It is well known that many exactly solvable models describing complicated physical phenomena are expressed in 
terms of operators with point interactions (see [21 [SJ [551 US] and comprehensive lists of references therein). In 
the 1-D case, the most known models are the Schrodinger operators Hx.a and Hx^p associated with the formal 
differential expressions 

d^ d^ 

f-X,a ■= + ^ an5{x-Xn), ^^''^ ^da?^ ^ ^ fin5'{x-Xn), (1-1) 

where 5{-) is a Dirac delta-function. These operators describe 5- and ^'-interactions, respectively, on a discrete set 
X = {Xn}n£i C I = (a, 6) C R, and the coefhcients a„, /3„ S R are called the strengths of the interaction at the 
point X — Xn- 

Investigation of these models was originated by the " Kronig-Penney model" [SD], a simple model for a non- 
relativistic electron moving in a fixed crystal lattice {X = Z, X = R, q;„ = a). For a more mathematically rigorous 
approach to this model see for instance, [33] and [29] and the monograph [3]. 

Let a := {an}^i C RU{-|-oo} and P := {/3n}^i C RU{-|-oo}. There are several ways to associate well-defined 
linear operators with £x,a and £x,i3 (see [3], [15], [61]). In L'^(I), the minimal symmetric operators Hx,a and Hx,0 
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are naturally associated with (|l.ip . Namely, assuming that I = (a, +00) and / = N one defines the operators H'^ ^ 
i3 differential expression — ^ 



and H'^ g by the differential expression —4-^ on the domains, respectively, 



Let Hx,a and i?x,,9 be the closures of H'^ ^ and H'^ ^, respectively. In general, the operators Hx,a and Hx,i3 are 

symmetric but not automatically self-adjoint. Then one is interested in finding self-adjointness criteria and in the 

spectral analysis of such self-adjoint realizations. 

In this paper we investigate two families of operators with point interactions which are the relativistic counter- 

.2 

parts of £x,a and £x,p- Namely, we consider the cases where the differential expression — gjr in (jl.ip is replaced 
by the Dirac differential expression 
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Here c > denotes the velocity of light. Relativistic operators with point interactions have received a lot of 
attention recently (see e.g. [3li[Zlli[3[Ta[ni[23[2i[23|2l[2a|30l[3l[^ references 
therein). 

Assume that T — (a, b) with — ao < a < & < 00 and / = N. Following [30] (see also [21 Appendix J] 0), we define 
the operators Dx,a and Dx,i3 (realizations of D) to be the closures in L^{X) ® of the operators 



and 



.f2{a+) = , /2(x„+) - f2{xn~) = -— /i(a:„), n e n|, 

c J 

= D, dom{D^xj3) ={/ e iy,ii,p(l\X) ® : /i e Aaoc(A^), /2 e ^aoc(X); 

f2ia+) = 0, /i(x„-|-) - fi{xn-) = il3„cf2{xn), u G n|. 



(1.5) 



(1.6) 



respectively, i.e., Dx,a = -D^s: q ^^"^ = ^. It is easily seen that both operators Dx.a and Dx,p are sym- 

metric. The domains of the adjoint operators D'^ ^ and D'^ ^ are described explicitly: dom(£'3f „) and dom{D'^ ^) 
are given by formulae (jl.Sp and (|1.6p . respectively, with V[^^'^(I\X) in place of W^^'^p{X\X) (see Theorem lS.Qf ilV 
The important feature of realizations Dx,a and Dx,i3 is that they are always self-adjoint, Dx.a = D'^ ^ anrf 
Dx.p = D*^ p, provided that the intervall is infinite (see Proposition 15.51 and Theorem l5.9f ii)). 

The realizations Dx^a and Dx.p have originally been introduced by Gesztesy and Seba [3D] (see also [3] Appendix 
J]) in the case of X = K and / = Z, i.e. X — {xn}nez- In what follows we will call these operators Gesztesy-Seba 
realizations (in short, GS-realizations). These realizations turn out to be closely related to their non-relativistic 
counterparts Hx,a and Hx,p associated with the differential expression (jl.ip . 

Gesztesy and Seba [30] investigated the realizations Dx,a and Dx.fi in the framework of extension theory of 
symmetric operators and treating the operators Dx.a and Dx.p as extensions of the minimal operator 

Dx := A. Dn - D, dom(AO = Wl'^[xn-uXn]®C^ ■ (1.7) 

In fact, they assumed in addition that d^,{X) > where 

di,{X) :— mi dn , d*{X):—swpdn and d„ := x„ — x„_i . (1-8) 



^There are typos in the definition of Dx.p given in [3] Appendix J]: in formulae (J. 17) and (J. 23) there should be a sign -|- instead 
of - . 
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Clearly, _D„ is a symmetric operator with deficiency indices n±(Dn) = 2. These authors also computed the resolvent 
differences {Dx,a — — {D f^ee ~ and {Dx,p — z)^^ — {Dfree — z)^^, where Dfree is the free Dirac operator 
D. In the periodic case {X = Z, ak — cto, /3fc = Po, A: G Z) they proved that the spectra a{Dx,a) and a{Dx,i3) 
have a band-zone structure. 

Moreover, assuming d■^, {X) > they proved the following non-relativistic limit 

s - Jhn^ {D'^x,o. - + cV2))"' = {Hx,a. - z)-' ® \ [J ) . (1.9) 

In the present paper we study the spectral properties of the GS-realizations Dx,a and Dx.ji for arbitrary 
d*(X) > 0. Moreover, we investigate the GS-realizations Dx,a{Q) ■= Dx.a + Q and Dx,0{Q) ■— Dx,0 -t- Q of a 
general Dirac operator D + Q with 2x2 matrix potential Q = Q* . 

Spectral analysis of the GS-operators Dx,a{Q) and Dx,i3{Q) consists (at least partially) of the following prob- 
lems: 

(a) Finding self-adjointness criteria for Dx.aiQ) and Dx.p{Q)- 

(b) Discreteness of the spectra of the operators Dx.a{Q) and Dx,i3{Q)- 

(c) Characterization of continuous, absolutely continuous, and singular parts of the spectra of the operators 
DxAQ) and DxAQ)- 

(d) Resolvent comparability of the operators Dx q,(i) (Q) and Dx q(2) (Q) with a*-^' ^ 

i.e. finding conditions 

for the inclusion (-Dj^ ^^(1) (Q) — — (-Dx a(2) (Q) — i)^^ e &p{S)) to be valid. Here &p{SS) denotes the 
Neumann-Schatten ideal. 

We investigate spectral properties of these operators by applying the technique of boundary triplets and the 
corresponding Weyl functions (see Section [2] for the precise definitions). This new approach to extension theory of 
symmetric operators has appeared and was intensively elaborated during the last three decades (see [3Tl[20l[22lll4) . 
[67] . [m Chapter 9]) and references therein). 

The main ingredient of this approach is the following abstract version of the Green formula for the adjoint A* 
of a symmetric operator A: 

(^*/,5)i-,-(/,^*5)fl-(ri/,Fo<?)«-(Fo/,Fig)„, f,g^dom{A*). (1.10) 

Here Ti. is an auxiliary Hilbert space and the mapping F :— (p'^) : dom(y4*) — > HfSH is required to be surjective. The 
mapping F leads to a natural parametrization of self-adjoint extensions of A by means of self-adjoint linear relations 
(multi-valued operators) in "H, see [311 EQ]. For instance, any extension A = A* disjoint with Aq A* \ ker(Fo) 
admits a representation 

A ^ Ab --^ A* \ keT{ri ~ BTo) with B = B*eC{n), (1.11) 

where the graph of the "boundary" operator B in H is Fdom(yl) :— {{Fq/, Fi/} : / e dom(yl)}. As distinguished 
from the von Neumann approach, parametrization (|l.lip yields a natural description of all proper (in particular, 
self-adjoint) extensions in terms of (abstract) boundary conditions. 

In particular, this approach was successfully applied to boundary value problems for smooth elliptic operators 
on bounded or unbounded domains with a smooth compact boundary (see |34 [ 112 ) . [54) and the monograph [35]), 
to the maximal Sturm-Liouville operator —(P/dx^ -|- T in = i^([0, 1];"^) with an unbounded operator potential 
T = T* > al, T e C{n) (ISU, see also [2D] and [57] for the case of = L^{R+;n)), as well as to 3-D and 2-D 
Schrodinger operators with infinitely many 5- interactions (see [35] and references therein). 

The most relevant to our paper is the article [44] where this approach was applied to 1-D Schrodinger operators 
in the case d^,{X) = (for the case d^,{X) > see works [43|, [59]). Namely, confining ourselves to the case of 
I C M+ we treat the GS-operators Dx,a and -Dx,/3 as extensions of the minimal operator Dx given by ()1.7p with 
/ = N in place of / = Z. 

A boundary triplet for the operator A* always exists whenever n+(yl) — n_(A), though it is not unique. Its 
role in extension theory is similar to that of a coordinate system in analytic geometry. It enables us to describe 
all self-adjoint extensions in terms of (abstract) boundary conditions in place of the second von Neumann formula. 



although this description is simple and adequate only under a suitable choice of a boundary triplet. Note that in 
the case n± (A) = oo a construction of a suitable boundary triplet is a rather difficult problem. 

For the adjoint operator D'^ of Dx given by (|1.7p it is natural to search for boundary triplets constructed as 
a direct sum of triplets n„ for operators D*, that is, Hd ■— {■H,ro,ri} :— n 
triplet for 13*, n G I, and 

H:=0H„, ro:=0r("', ri:=0r(") 

n6N neN nGN 

If d^,{X) > 0, then it is easily seen that the triplet (I1.12p is a boundary triplet for D'^ if one chooses 11 
{-H,r[,"\r^"'} in the standard way with T^"', j € {0, 1}, given by 



^ , where Hn is a boundary 

(1.12) 



where / — 



/2(a;„_i+) - f2{Xn 



fliXn-l+) + fl{Xn 
f2{Xn-l+) + f2{Xn 



n G 



(1.13) 



(see [21' formula (66)]). However, this direct sum is no longer a boundary triplet for D*^ whenever 
d^,{X) — (see Proposition 13.81) . To construct a boundary triplet we use a regularization procedure elaborated in 
[57] and [H]. This procedure was already applied in to 1-D Schrodinger operators with point interactions. 
However, in comparison with the Schrodinger case, one meets an additional difficulty of an algebraic character. 
Namely, we are searching for a boundary triplet such that the corresponding boundary operator (cf. (jl.lip ) is 
a Jacobi (tri-diagonal) matrix and for this purpose we need to construct an appropriate boundary triplet H„ for 
the Dirac operator D* on the interval [x„_i,a;„]. Let us emphasize that only a sequence of boundary triplets 
n(") = {•H,r[,"\ri"^} given by ^ = C2, 



4"V = 



/i(x„_i+) 

icf2{Xn-) 



ic/2(x„_i+) 

fl{Xn-) 



n e N, 



(1.14) 



(see p.Sp ) leads after an appropriate regularization to a new sequence of triplets H„ for D* having desirable 
properties (see Theorem l3.10l) . Namely, only in the triplet Ud = ©i°H„ given by p.54p . (|3.55p . the parametrization 
of GS -realizations is given by means of Jacobi matrices. Let us also mention that a boundary triplet n*-"-* for _D* 
of the form (|1.14p differs from (|1.13p and the other ones known in the literature (see, e.g., pH 

Recall that one of the main results in states that certain spectral properties of Hx^a (self-adjointness, 
discreteness, etc.) correlate with the corresponding spectral properties of the Jacobi matrix 

/ -d^^ ... \ 

d- 



BxAH) 









d- 



-3/2,-1/2 



V 












3/2^-1/2 








aid2^ 


-d2^ 





-d2^ 




df'd-"^ 





d-^'^d-,''' 


a2d^^ 



(1.15) 



As usual we identify the Jacobi matrix Bx,a{H) with (the closed) minimal symmetric operator associated with 
it and denote it by the same letter. We emphasize that the Jacobi operator Bx,a{H) is a boundary operator for 
Hx.a in the triplet Hh = {T~L, To, Fi} in the sense of (|l.lip . that is 

Hx,c.=H:^,^ \Aom{HB^,^iH)), dom{HB,jH)) = {feW^-\l\X):Tif = BxAH)Tof}. (1.16) 

In the present paper we establish similar results for GS-realizations Dx.a and Dx,p- For instance, we show (see 
Proposition 15.41 and Theorem 15. 26p that self-adjointness and discreteness of the spectrum of Dx,a correlate with 
the corresponding properties of the following Jacobi matrix 



/ 



i^(rfi) 













\ 
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where i'{x) := (l + (c^x^) ^) . Emphasize that smiilar to p.l6p . the Jacobi operator Bx^a in (|1.17p is just a 
boundary operator for the GS reahzation Dx.a in the triplet Iljj = {■H,ro,ri}, that is 

Dx^a = Db^_^ = D*x \ doni(Z?B^ J, doni(I?B^ J = {/ e W^^''{I\X) ^C" : Tif = Bx^aTof}. (1.18) 

Representation (|1.18p plays a crucial role in the paper: it allows us to solve the problems (a)-(d) regarding the 
operator Dx,a by combining known results on Jacobi matrices with the technique elaborated in [201 [^ . 

For instance, applying the Carleman test (see e.g. [I], and (TUl Chapter VII. 1.2]) to the Jacobi matrix Bx,a we 
get that Bx,a — B*x ^, and hence Dx,a is always self-adjoint whenever I = R+. It is not the case for GS-realizations 
Dx.a on a finite interval I: under certain conditions on the sequences a and X it might happen that either Dx,a 
has the non-trivial deficiency indices n±{Dx,a) = 1 (see Theorem 15.111) or n±{Dx,a) = 0, i.e. it is self-adjoint. 
More precisely, applying the Dennis-Wall test (see e.g. [J Problem 2, p. 25]) to the matrix Bx,a we show in 
Proposition 15 . 71 that the GS-operator Dx,a on a finite interval T = (a, h) is self-adjoint provided that 

yjdndn+l \an\ = +00 . (1.19) 

Next, applying known results on discreteness spectra of Jacobi matrices |16j to the matrix Bx,a, we obtain (see 
Proposition [5301) that the GS-operator Dx a on the half-line ]R+ has discrete spectrum provided that lim„_j.oo dn = 
and 

liml^=oo and lim — > -i. (1.20) 

Ti-»-oo dn n-i-oo a„ 4 

Note, that condition lim„_>.oo rf„ = is necessary for the minimal Dirac operator Dx on M_|_ to have extensions 
(realizations) with discrete spectrum. It is worth to mention that conditions (|1.20p provide the discreteness property 
of the GS-operators Dx a (Q) ■= Dx a + Q with certain unbounded potentials Q (see Proposition l5.30l and Example 

Using parametrization (jl.lSp . (I1.17p . we express the inclusion {Dx,a ^ z)^^ ^ {Dx — z)^^ G 6p(-Jo) in terms of 
a = {an}T and{d„}?°. Here is the Neumann realization of £>, dom(i:>Ar) = {/ e W^'^{M.+)®<C'^ : h[+Q) = 0}. 
Based on this result we prove (see Theorem 15. 2ip that 

CTcss(£'jf,a)=fToss(£'w)=IR\(-cV2,cV2), whenever lim a„/d„ = 0, (1.21) 

n— >-oo 

and 

aac{Dx^a)^(TUDN)=R\{-c'/2.,c^/2) if {a„/d„}r € /^(N). (1.22) 
We also find conditions guarantying that the spectrum a{Dx,a) is purely singular. 

Finally, assuming that the operators D^c a Dx.a and Hx,a are self-adjoint and using parameterizations 
(jl.lSp and (|1.16p we prove (see Theorem 15. 43p the non-relativistic limit (|1.9p in the case c?*(X) > 0. In particular, 
(|1.9P holds whenever I = IR+ and Hx a — H*x «■ The latter happens if, for instance, Hx a is lower semibounded 
(seell). 

Similar results are also valid for the GS-rcalizations Dx.ji- The simplest way to prove that is to extract them 
from the corresponding properties of the operators Dx,a- This can be done by noticing that Dx,p is unitarily 
equivalent to —Dx.a where a = /3c^ and that the resolvent difference [Dx.a + z)~^ — {Dx.a + z)~^ is a rank-one 
operator (see Proposition [OS]) . 

The paper is organized as follows. 

Section [51 is preparatory. It contains necessary definitions and statements on the theory of boundary triplets of 
symmetric operators, Weyl functions, 7-fields, etc. We also consider a family of symmetric operators {S'njngN and 
a family of boundary triplets n„ for S** , n € N. Following '57^ and "44^ we discuss conditions guarantying that the 
direct sum 11 = ©J^]^n„ of boundary triplets n„ is either a i3-generalized or an ordinary boundary triplet. We 
also discuss and complete regularization procedure for n„ such that a direct sum of regularized boundary triplets 
forms already a boundary triplet for the operator A* = ©J^i^* (see Theorem 12. 12p . 

In section 3 we construct boundary triplets for maximal Dirac operators on finite intervals and half-lines 
and compute the corresponding Weyl functions. Using the explicit form of the Weyl functions and applying the 
regularization procedure described in Section 2, we construct a boundary triplet Hd for the maximal operator D*x. 
We also describe trace properties of functions from the space IV^'^(M+ \ X) and show that the direct sum ©J^iII^ 
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is an ordinary boundary triplet if and only if < d*{X) < oo and it is a generalized boundary triplet (in the sense 
of [22]) whenever d*{X) < oo. 

In Section 4 we apply boundary triplets technique to prove the non-relativistic limit for any m-dissipative 
(m-accumulative) realization of the expression Dx ■ To this end we compute the corresponding limits of the Weyl 
function and 7-field. 

In Section 5 we investigate spectral properties of GS-realizations Dx,a{Q) and Dx^piQ) and solve problems 
(a) — {d). Moreover, we show (see Remark 5.10) that the operators Dx,a{Q) and Dx,p{ff) on the line are selfadjoint 
for any continuous (not necessarily bounded) 2x2 potential matrix Q{-) = Q{-)* ■ We also find certain sufficient 
conditions for the operator Dx,a on a finite interval either to be self-adjoint or to have deficiency indices n± {Dx,a) = 

1 (see Proposition 15 . 71 and Theorem 15.111) . Comparison of these results shows that roughly speaking Dx^a is self- 
adjoint on a finite interval whenever the sequence {an}i° grows faster than the sequence {c?n}i° decays. 

Moreover, using parameterizations (jl.lSp and (|1.16p and the general result on non-relativistic limits (see The- 
orem 14. 8|) we prove relation (|1.9|) as well as similar relation for Vj^ ^ . 

Notations. Throughout the paper ^3, % denote separable Hilbert spaces, [io,?^] denotes the set of bounded 
operators from ^ to %; [^] :— C{S)) and C(Jo) are the sets of closed operators and linear relations in S), 

respectively. By 6p, p £ (0, 00), we denote the Neumann-Schatten ideals. Let T be a linear operator in a Hilbert 
space S). In what follows, dom(r), ker(T), ran(r) are the domain, the kernel, the range of T, respectively; ct{T), 
ap{T), ac{T), aac(T), and as(T), denote the spectrum, point spectrum, continuous, absolutely continuous and 
singular spectrum of T = T*, respectively; p(T) and p(T) denote the resolvent set, and the set of regular type 
points of T, respectively; Rt (A) := (T — A/)~^, A € piT), is the resolvent of T. 
Let X be a discrete subset of T C M. We define the following Sobolev spaces 

W'-\I\X) := {/ e L^{T} : / e ACioc{I\X)J' e 

W^^\I\X) := {/ e L\I) -.fj'e ACioc{l\X)J" e L\l)), 

Wl'^{I\X) {/ e W^-^{I) : f{xk) = 0, for aU Xk G X}, 
Wl^{X \ X) := {/ e W^'^I) : f{xk) = f{xk) = for all x^ e X} . 
W,'f^^{I \ X) := {/ e W'^^^il \ X) : supp / is compact in 1} = W'^^^il \ X) n LI^^,^{I). 

Let / be a subset of Z, / C Z. For any non-negative sequence {c„}„g/ we denote by {£„},?{) :— P(/; {c„})(g)H 
the weighted Hilbert space of ?^-valued sequences, i.e. / = {/«}«£/ G ^^[1] {cn}, 'H) if = X^ne/ Cn||/n||^ < 00; 
?q(/, T-L) is a subset of finite sequences in ^{1] {c„}, "H), i.e. the sequences with compact supports; we also abbreviate 
Z2(N;{c„}) := ^^(N; {c„}, C), Zg(N;{c„}) := /g(N; {c„}, C). As usual F(N), p G [l,oo), denotes the space of p- 
summable complex- valued sequences / = {/„},iGN; ?°°(N) denotes the space of bounded complex- valued sequences 
and Co(N) is a subspace of 1°°{N) consisting of sequences / = {/„}„gN satisfying lim„^oo /« = 0. x±(-) denotes 
the indicator function of M± . 

2 Preliminaries 

2.1 Boundary triplets and Weyl functions 

In this section we briefiy recall the basic facts of the theory of boundary triplets and the corresponding Weyl 
functions (we refer to [20, 22, 3V for a detailed exposition of boundary triplets). Besides, we discuss a regularization 
procedure for direct sum of boundary triplets following [44] and [57]. Moreover, we slightly complete [44] Theorem 
3.13] (see Theorem [IHI) . 

2.1.1 Linear relations, boundary triplets, and self-adjoint extensions 

1. The set C{H) of closed linear relations in H is the set of closed linear subspaces of H (B H. Recall that 
dom(e) = {/ : {/,/'} e e}, ran(e) = {/' : {/,/'} G 9}, and mul (9) = {/' : {0,/'} S 9} are the domain, the 
range, and the multivalued part of 9. A closed linear operator A in H is identified with its graph gr(A), so that 
the set C('H) of closed linear operators in H is viewed as a subset of C('H). In particular, a linear relation 9 is an 
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operator if and only if mul (8) is trivial. We recall that the adjoint relation Q* e C{H) of G C{H) is defined by 

e* = I (^^,) : (/', h)n = (/, h')n for all (^j^ e 6 

A linear relation Q is said to be symmetric if 6 C 6* and self-adjoint if = 9*. 

For a symmetric linear relation C 0* in "H the multivalued part mul (0) is the orthogonal complement of 
dom(0) in H. Therefore setting Hop ■= dom(0) and Hoc = mul(0), one arrives at the orthogonal decomposition 
= 0op©0oo where ©op is a symmetric operator in Hop, the operator part of 0, and 0oo = {( °' ) : /' G mul (0)}, 
a "pure" linear relation in 'Hoc- 

2. Let A be a densely defined closed symmetric operator in a separable Hilbert space with equal deficiency 
indices n±(A) = dimD'Iii < oo, where Viz := ker(A* — z) is the defect subspace. 

Definition 2.1 ([31 ). A triplet 11 — {■H,ro,ri} is called an (ordinary) boundary triplet for the adjoint operator 
A* ifH is an auxiliary Hilbert space and ro,ri : dom(yl*) — > H are linear mappings such that the second abstract 
Green identity 

{A*f,g)^^{f,A*g)s^^{T,f,Tog)n-{Tof,rig)n, /,ffedom(A*), (2.1) 
holds and the mapping T := ^p''^ • dom(74*) H®H is surjective. 

First, note that a boundary triplet for A* exists whenever the deficiency indices of A are equal, n+(A) = n^{A). 
Moreover, n±{A) = dimH and kcr(r) = kcr(ro) nker(ri) = dom{A). Note also that F is a bounded mapping from 
Sj+ = dom(^*) equipped with the graph norm to H®H. 

A boundary triplet for A* is not unique. Moreover, for any self-adjoint extension A := A* of A there exists a 
boundary triplet Ft = {'H,Fo,Fi} such that ker(Fo) = dom{A). 

Definition 2.2. 

{i) A closed extension A' of A is called a proper extension, if A G A' G A* . The set of all proper extensions of A 
completed by the (non-proper) extensions A and A* is denoted by Ext/i. 

(ii) Two proper extensions A' , A'' , of A are called disjoint if dom(A') n dom(y4") — dom(yl) and transversal if in 
addition dom(A') + dom(A") = dom(A*). 

Recall that an operator T E C{H) is called dissipative if Im(r/, /) > for / e dom(T). It is called m-dissipative 
if it has no proper dissipative extensions. It is known (and easily seen) that dissipative T is m-dissipative if and 
only if C__ C p(T). 

The operator T is called accumulative (m-accumulativc) if — T is dissipative (m-dissipative). 
Any dissipative (accumulative) extension A of A is necessarily a proper extension, A G Ext a. Moreover, if A' 
and A" are disjoint and selfadjoint, then dom{A') + dom(A") is dense in dom{A*). 

Fixing a boundary triplet 11 one can parameterize the set Ext a in the following way. 

Proposition 2.3 (|22p. Let A be as above and let 11 = {H, Fq, Fi} be a boundary triplet for A* . Then the mapping 

ExtA 3 A^T dom(I) = {{Fo/, Fi/} : / e dom(I)} =: e C{H) (2.2) 

establishes a bijective correspondence between the sets ExtA o,nd C(H). We put Aq :— A where is defined by 
^,i.e. Ae:=A* \r-^e^A* \ {f e doin{A*) : {Fq/, Fi/} e 0}. Then: 

(i) Aq is m-dissipative (m- accumulative) if and only if so is 0. 

{ii) Aq is symmetric (self-adjoint) if and only if so is 0. Moreover, ii±{Aq) = n±(0). 

(iii) The extensions Aq and Aq are disjoint (transversal) if and only if O is an operator. In this case Aq admits 
a representation 

Aq^A*\ kcr(Fi - 0Fo). (2.3) 
Moreover, the extensions Aq and Aq are transversal if and only if Q E \H] . 
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The linear relation Q (the operator B) in the correspondence (j2.2[) (resp. (I2.3p ) is called the boundary relation 
(the boundary operator). 

We emphasize that in the case of differential operators opposed to the von Neumann parametrization the 
parametrization (|2.2p - (|2.3p describes the set of proper extensions directly in terms of boundary conditions. 
It follows immediately from Proposition 12.31 that the extensions 

Ao := A* \ ker(ro) and Ai A* \ ker(ri) 

are self-adjoint. Clearly, Aj — Aq^, j G {0,1}, where the subspaces 9o := {0} x H and 9i := V. x {0} are 
self- adjoint relations in H. Note that 8o is a "pure" linear relation. 

2.1.2 Weyl functions, 7-fields, and Krein type formula for resolvents 

1. In [501 [21] the concept of the classical Weyl-Titchmarsh m- function from the theory of Sturm-Liouville operators 
was generalized to the case of symmetric operators with equal deficiency indices. The role of abstract Weyl functions 
in the extension theory is similar to that of the classical Weyl-Titchmarsh m-function in the spectral theory of 
singular Sturm-Liouville operators. 

Definition 2.4 ( 20 ). Let A be a densely defined closed symmetric operator in Sj with equal deficiency indices 
and let 11 = {H,ro,ri} be a boundary triplet for A*. The operator valued functions : p{Aq) — )• ['Hji^] and 
M(-) : p{Ao) [H] defined by 

-fiz):^ {To\m,)~^ and M{z) -.^ Tai^), z e p{Ao), (2.4) 
are called the 7-field and the Weyl function, respectively, corresponding to the boundary triplet 11. 

The 7-field 7(-) and the Weyl function il/(-) in (|2.4p are well defined. Moreover, both 7(-) and M(-) are 
holomorphic on p{Ao) and the following relations hold (see [20] ) 

7(z) ={l+iz- OiAo - z)-')jiO z, C e p{Ao), (2.5) 
M(z)-M(C)* = (z-C)7(C)*7(^), 2, Cep(^o). (2.6) 

Identities (|2.5p and (|2.6p mean that 7(-) and M(-) are the 7-field and the Q- function of the operator Aq, respectively, 
in the sense of M. Krein (see [49]). It follows from p.6p that M(-) is an i?[H]-function (or Nevanlinna function), 
i.e., M(-) is an (["Hj-valued) holomorphic function on C \ M satisfying 

Imz-IniAf(z) >0, M{z*) ^ M{z), z € C\R. (2.7) 

Moreover, due to ([22]) M(-) e i.e. it satisfies e p(ImM(z)). 

It is well known that M(-) admits an integral representation (see, for instance, [1], [2]) 

M(z) = Co + ^ (^^- Y^)rfSM(t), zep{Ao), (2.8) 

where Em(') is an operator-valued Borel measure on K satisfying j^d'SMit) G [H] and Co = Cq G [H]. The 
integral in (|2.8p is understood in the strong sense. Note that the spectral measure Eao{') of the extension Aq = Aq 
and the measure Em(-) from the integral representation (|2.8I) are equivalent (see [H]). Moreover, these operator 
measures are spectrally equivalent in the sense of [55]. Note also that a linear term Ciz is missing in ()2.8p since A 
is densely defined (see [20]). 

2. Recall that a symmetric operator A in is said to be simple if there is no non-trivial subspace which 
reduces it to a self-adjoint operator. In other words, A is simple if it does not admit an (orthogonal) decomposition 
A = A' (B S where A' is a symmetric operator and 5 is a selfadjoint operator acting on a nontrivial Hilbert space. 

It is easily seen (and well-known) that A is simple if and only if span{0^2(A) : z e C \ M} = io. 

If A is simple, then the Weyl function M(-) determines the boundary triplet 11 uniquely up to the unitary 
equivalence (see [20]). In particular, M(-) contains the full information about the spectral properties of Aq. 
Moreover, the spectrum of a proper (not necessarily self-adjoint) extension Aq G Ext^ can be described by means 
of M(-) and the boundary relation 9. 
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Proposition 2.5 (20). Lef 11 = {"H, Fq, Fi} be a boundary triplet for A* and let M{-) and"f{-) be the corresponding 
Weyl function and the ^ -field. Then for any A = Aq G Ext a with p{As) ^ the following Krein type formula 
holds 

{Ae-z)-^ -{Aa-z)-^ =^{z){Q-M{z))-^-f*{z), z e p{A^) C^ p{Ae) . (2.9) 
Moreover, if A is simple, then for any z G p{A^) the following equivalence holds 

zGcr,;(Ae) G (Tj(e - M(z)), i G {p, c, r}. 

Formula p.9p is a generalization of the classical Krein formula for canonical resolvents (cf. [2], [49]). It 
establishes a one-to-one correspondence between the set of proper extensions A = Aq with non-empty resolvent 
set and the set of the corresponding linear relations in "H. Note also that all objects in (|2.9p are expressed in 
terms of the boundary triplet 11 (see formulae ((231) and ([2^ ) (cf. p0ll22] ). 

We emphasize that precisely two parameterizations (|2.2l) - (j2.3p and (j2.9p of the set Ext^ make it possible 
application of Krein's type formula for resolvents to boundary value problems. 

The following result is deduced from (I2.9P 

Proposition 2.6 ([20 ). Letll^ {H,Fo,Fi} be a boundary triplet for A* , 91,92 G C(n) and let 6p{Sj), p G (0,oo], 
be the Neumann- Schatten ideal in [SS\ . Then 

(i) For any z G p{Aq-^) H p{Aq^) and ^ G p(9i) H p{Q2) the following equivalence holds 

{Ae,-z)-^-{AQ,-zr^e<Sp{^) ^ (ei-C)-i-(92-C)~'G6p(H)- (2.10) 
In particular, {Aq^ - z)-^ - (Ao - z)^^ G 6p(i3) ^ (9i - C)"^ € ©p('H). 

(ii) //, m addition, 9i, 92 G C('H) and dom(9i) = dom(92), then the following implication holds 

9i-92 G &p{n) =4> (Aei ~ z)-^ - (Ae, - z)-^ G &p{^). (2.11) 
(jii) Moreover, i/9i,92 G [H], t/ien implication p. lip becomes the equivalence. 

2.1.3 Generalized boundary triplets of bounded type 

In many applications the notion of a boundary triplet is too restrictive because of the assumption dom(rj) = 

j G {0, 1}. Inspiring by possible applications as well as certain theoretical reasons this concept was relaxed in [22l 

Section 6]. 

Definition 2.7 ( 22]). Let A be a closed densely defined symmetric operator in ^ with equal deficiency indices. 
Let A^, D A be a not necessarily closed extension of A such that (A^,)* = A. A triplet 11 — {"HjFojFi} is called a 
generalized boundary triplet of bounded type ( in short, _B-generalized boundary triplet ) for A* if H is a Hilbert 
space and Tj : dom(F) :— dom(ro) H dom(Fi) = dom(j4*) %, j G {0, 1}, are linear mappings such that 

{Bl) Fo is surjective, 

{B2) A^Q := A^ \ ker(Fo) is a self-adjoint operator, 
(_B3) the Green's identity holds 

(A/,g)io - (/, A5)-r, = iT,f,Tog)n ~ {Tof,Tig)n, f,ge dom(A) = dom(r). (2.12) 
Note that one always has A C A^, C A* = A^,. 

For any i?-generalized boundary triplet 11 = {T-L,To,Ti} we set A^j :— A*[ker(rj), j G {0,1}. Note that the 
extensions v4*o and A^i are always disjoint but not necessarily transversal. 

Starting with Definition 12.71 of a B-generalized boundary triplet 11, one can introduce concepts of the (gener- 
alized) 7-field 7(-) and the Weyl function M(-) corresponding to 11 in much the same way as in Definition 12.41 for 
(ordinary) boundary triplet (for detail see [22]). Let us mention only the following result (cf. (22j Proposition 6.2] 
and [ini Proposition 5.9]). 

Proposition 2.8. Let Ft = {H, Tq, Fi} be a B-generalized boundary triplet for A* , A^, — A* [dom(F), and let M{-) 
be the corresponding Weyl function. Then: 
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(i) M(-) is an \J-C\-valued Nevanlinna function satisfying ker(Im Af(z)) — {0}, z G 0+. 
(m) n is an ordinary boundary triplet if and only i/ G p(IniAf(i)). 

(Hi) Moreover, ifH = {%, Fq, Fi} is a generalized boundary triplet for A* (a boundary relation in the sense of U9f } 
and M(-) is an RlH] -function satisfying ker(ImM(i)) = {0}, then II = {"HjFojFi} is a B-generalized boundary 
triplet for A* , i.e. [Bl) and {B2) are satisfied. 

2.2 Direct sums of boundary triplets 

Let Sn be a densely defined symmetric operator in a Hilbert space io„ with n+(S'„) = n_(S'„) < oo, n G N. 
Consider the operator A := Sn acting in Sj := Q'^^i^n, the Hilbert direct sum of Hilbert spaces Sjn- By 

definition, Sj = {f = ®^=Jn ■ /„ e S),,, En=i < Nearly, 

OO 

A* = S:, dom(A*) = {/ = ®- i/„ G 55 : /„ G dom(^:), ^ ||^:/„||2 < oo}. (2.13) 

n=l TieN 

We equip the domains dom(S'*) —: io„+ and dom(A*) ^+ with the graph norms ||/n||y,,^ ll/n|l^ + ll'S'*/„|P 
and 11/11^^ := ||/||2 + \\A* ff - E„ ll/nllL+' respectively. 

Further, let H„ {-H™, f{)"\ F^"^} be a boundary triplet for 5'*, n G N. By |lFj"^|| we denote the norm of the 

linear mapping F^"'' G [^n+, Hn], j G {0, 1}, n G N. Let also H := Hn be a Hilbert direct sum of Hn- Define 

mappings Fq and Fi by setting 



^= 0rr. dom(F,) = {/ = J„ G dom(A*) : ^ ||f5"V«II?,„ < oo}. (2.14) 

n=l 



Clearly, dom(F) :— dom(Fi) n dom(Fo) is dense in Sj+. Define the operators Snj \ kerF^"^ and Aj := 

©^1 ^nj, j S {0, 1}. Then Aq and Ai are self-adjoint extensions of A. Note that Aq and Ai are disjoint but not 
necessarily transversal. Finally, we set 

A*=A*fdom(F) and A* f ker(Fj), jG{0,l}. (2.15) 

Clearly, A^,j is symmetric (not necessarily self-adjoint or even closed!) extension of A, A^,j C Aj, j G {0, 1}, and 

dom(A,,) = {/ = i/n G i3 : /„ G kerF5"\ 5](||5:/„f + \\r^?^ fnll') < oo}, (0' 1, l' 0). 

neN 

Definition 2.9. Lei F^ 6e defined by (|2.14p hkc? H = ©J^i^n- ^ collection H = {'H,Fo,Fi} wi/Z 6e called a 
direct sum of boundary triplets and will be assigned as H := ©^j^ H„. 

It easily follows from ([2J3l) - (l2J5l) and Definition [2H that for / = g = ©^=i5„ e dom(A,) dom(F) 

Green's identity ((2?T2l) holds 



{A^f,g)sj - (/,^*5)fl = - if Sign) 



= E [(ri"'/n,r[,"'5n)«„ - (F^"Vn,rl"l9„)«„] = (Fi/,Fog)« - (Fo/,Fig)«. (2.16) 

riGN 

The series in the above equality converge due to (12. 13^ and (|2.14l) . However the direct sum H = ©^j^ H„ is 
not a boundary triplet and even a B-generalized boundary triplet for A* without additional restrictions. This fact 
was discovered in |42] (in this connection see also simple examples in [44l [57] and Proposition 13.81 below) . At the 
same time, according to [44l Theorem 3.2] H = ©^^ H„ is always a boundary relation in the sense of (19j . 

The following criterion has been obtained in [57], [44] . 

Theorem 2.10. Let H„ — Fq"-*, F^"^} be a boundary triplet for S'^ and Mn{-) the corresponding Weyl function, 
n G N. ^ direct sum H = ©^i n„ forms an ordinary boundary triplet for the operator A* — ©^j^ 5** if and only 
if 

Ci =sup||Af„(i)||K„ < oo and C2 = sup ||(Im A/„(i)) < 00. (2.17) 
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Theorem 12.101 makes it possible to construct a boundary triplet by regularizing each summand in a direct sum 
n = ®^]^ n„ of arbitrary boundary triplets. The corresponding result was obtained in [57, Theorem 5.3] (see also 
[Sg and [Ml Theorems 3.10, 3.11]). 

Theorem 2.11 ( [57[ 156] ). Let Sn be a symmetric operator in f)n with deficiency indices ii±(Sk) = n„ < oo and 
Sno = S*^Q e Ext^n, n € N. Then for any n e N there exists a boundary triplet n„ = {'Hn, rQ"\ F^"''} for S"* 
such that kerFg"^ = dom(S'„o) and H — forms an ordinary boundary triplet for A* = S"* satisfying 

kerTo = dom(Ao) dom(S'„o)- 

Next we assume that the operator A — Sn has a regular real point, i.e., there exists a = a E p(A). The 

latter is equivalent to the existence of e > such that 

{a^e,a + s) cn^^^p{Sn). (2.18) 
Emphasize that condition a G n^]^p(S'„) is not enough for the inclusion a E p{A). 

It is known [48] (see also [20]) that under condition ()2.18p for every fc g N there exists a selfadjoint extension 
Sk = SI of Sk preserving the gap (a — e, a + e). Moreover, the Weyl function of the pair {Sk, Sk} is regular within 
the gap (a — e, a + e). Assuming condition p.l8p to be satisfied, one can simplify conditions ()2.17p of Theorem 
12.101 fcf. Theorem 3.13]). In the following theorem we slightly complete [JH Theorem 3.13]. 

Theorem 2.12. Let {Sn}'^:^i sequence of symmetric operators satisfying (|2.18p . Let also n„ = {T-Ln, ^o^\ rj"-*} 
be a boundary triplet for S* such that (a — e, a + e) C p{Sno) and let M„(-) be the corresponding Weyl function. 
Then: 

(i) n — ®^]^ n„ forms a B-generalized boundary triplet for A* — ®^]^ S^ if and only if 

C3 := sup \\Mnia)\\-H„ < 00 and C4 sup \\M^{a)\\-H^ < 00, (2-19) 

nGN nSN 

where M^{a) {dMn{z)/dz)\^^a- 

{ii) n = ®^]^ n„ is an ordinary boundary triplet for A* — '^"■'^ '^^^V */ addition to (|2.19p the 

following condition is satisfied 

C5 :=sup||(M;(a))"'||„„ <cx). (2.20) 
Proof, (i) According to (|2.8p each M„(-), n S N, admits a representation 

Mn{z)^Co,n+ f (J—-^^d^n{t), f -^dJ:nit) £ [Hn], (2.21) 
where Co,„ = Co,„ G ["Hn] and (a — e, a + e). Hence 

Mn{a)^Co,n+ f ,^ ^^f' d^rXt) and M'M ^ I —^dY.n{t). (2.22) 
Noting that with some fc > 

\{l + at){t- a){l + t^)-'^\<k, ieR, (2.23) 
we get from (|2.22l) that the second condition in (|2.19l) implies 

sup||Af„(a) - Co,„||w„ < fcsup|lM;(a)|l^^„ <co. 

71 n 

Combining this estimate with the first condition in (|2.19p yields sup^ ||Co^ 
Further, it follows from (|2.2ip that 

M„(z) = Co,n + « / Y^dS„(t) e [Hn]. (2.24) 
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It is easily seen that there exist constants fci , /c2 > such that 

0<ki<{l + t^){t-a)-^ <k2, teR\{a-e,a + e). (2.25) 

Taking this inequahty into account and combining (|2.24l) with (I2.22p we get that the second condition in (|2.19l) is 
equivalent to sup„ ||M„(i)— Co,ri||-H„ < oo. Combining this estimate with sup„ ||Co,n||«„ < oo yields sup„ || Af„(i)||-H„ < 
oo, i.e. M{i) S [H]. The latter means that M(-) e B.[H]. Since kerlmAf(z) = 0, it remains to apply Proposition 

[iii)- 

(ii) Using representation (|2.22p for M.^{a) we rewrite condition (|2.20p as 

-dJ:n{t) ^ M^^ia) > neN. (2.26) 



Combining these inequalities with representation (|2.24p and taking into account inequality ()2.25|) we obtain 
ImM„(^)=/' ^dS„(i)-/ • ^^-^rfS„(t) 

^ ^2"' / j^di:n{t) > k^'C^\ neN. (2.27) 



This is amount to saying that sup„ ||(ImM„(i)) ^\\-h„ ^ ^2(^5- To complete the proof it remains to apply Theorem 
[2T01 " □ 

For operators A — ®^^iSn satisfying (j2.18p we complete Theorem 12.121 by presenting a regularization pro- 
cedure for n = !!„ leading to a boundary triplet. In applications to symmetric operators with a gap this 
regularization is substantially simpler than the one described in Theorem 12. Ill 

Corollary 2.13. Let {Sn}'^=i be a sequence of symmetric operators satisfying (I2.18p . Let also n„ — To"'; F^"'*} 
he a boundary triplet for 5* such that (a — e, a + e) C p{Sno), Sno = \ ker(Fg"''), and A/„(-) the corresponding 
Weyl function. Assume also that for some operators i?„ such that Rn,Rn^ & [Hn], the following conditions are 
satisfied ^ ^ 

sup||i?-i(M;(a))(i?-i)*||«„ <oo and sup ||i?:«(a))"'i?«ll«„ < neN. (2.28) 

71 n 

Then the direct sum U — of boundary triplets 

n„ = {H„,F("\F(")} wzth f(") i?„f f(") :=(i?-i)*(f(")-M„(a)r(")), (2.29) 

forms a boundary triplet for A* = ®^]^ S^. 
Example 2.14. 

(i) Let F{z) ~ Bz where B G [H], B = B* > and G o'{B) \ ap{B). Then 0(g ac{B)) is an accumulation point 
for (j{B) and the operator B admits a decomposition B — ®$^ii?n with Bn = B*^ G [Hn] and G p{Bn),n G N. 
Clearly, F(-) = Q^^^Fni-) G R[H], where F„(z) = S„z and F„(-) G i?"[-H„], i.e. G p(lmF„(z)), n G N. 
However, —F^^{-) G R{'H) \ R\H], i.e. ~F^^{-) is a Nevanlinna function with (unbounded) values in C{T-L). 
Clearly, 

F„(0) = 0, <(0) - S„ G [Un] and sup ||F;,(0)|| = \\B\\ < 00, (2.30) 

neN 

and conditions (|2.19[) are satisfied. At the same time, sup„gpj || (i^^(O)) ^\\ = sup„gpj ||-B,7^|| = 00 and condition 
p.20p is violated. Thus, condition (I2.20p is not implied by conditions (j2.19p . 

(ii) Let F{z) = Bz where B = B* G C('H) \ [H] is unbounded positively definite operator, G p{B). Clearly, 
B = Bn where Bn G ['H], n G N and F{-) = -^"(O with Fn = -B„z. It is easily seen that 

F„(0)-0, {F:My'=B-' and sup || (f;(0))"'|| = sup = < 00. (2.31) 

neN neti 

On the other hand, sup^^pj ||i<"^(0)|| ~ sup„gpf ||i?„|| = 00 and the second condition in (j2.19l) is violated. This 
example shows that the second condition in (|2.19p does not follow from the first one and condition (j2.20l) . 
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Remark 2.15. 

(j) In 144\ Theorem 3.13] it is incorrectly stated that the direct sum IT = n„ forms an ordinary boundary 

triplet for A* whenever both the first condition in (j2.19p and condition (12.201) are satisfied. However the proof in 
144\ Theorem 3.13] can easily be fixed by posing the second condition in (j2.19|) and using formula (j2.6p connecting 
M(i) and Af(a). In Theorem 1 2. 1 S\( ii) we presented another proof of this fact that seems to be simpler. 

(ii) Note also that the first inequality in (j2.28p was occasionally missed in 144, Corollary 3.15]. We mention also 
a misprint in formula (59) of fj^: there should be i?„ in place of . 

3 Dirac operators with point interactions on the Une 

Let D be the differential expression 

^ . d c2 / cV2 -ic 

acting on C^-valued functions of a real variable. Here 



= ( J J ) ' = ( ° q), - ( J \y (3.2) 

are the Pauli matrices in and c > denotes the velocity of light. 
We set 

k{z) :=c-yz2-(cV2)', zeC, (3.3) 

where the branch of the multifunction y/^ is selected such that k{x) > for x > c^/2. It is easily seen that fc(-) is 
holomorphic in C with two cuts along the half-lines (— 00,-0^/2] and [0^/2,00) and fc(z) = —k{z). 
Thus, k{-) itself is not R-function (Nevanlinna function), although the extension 

fc(z), z e C+, 

kiz) = { (3.4) 
-fc(z), zeC- 



is already a R-function, i.e. a holomorphic function in C\K, that maps C+ into C+ and satisfies f{z) ~ f{z). Next 
we put 



, , , ck{z) /z — 0^/2 ^ . , 



We can independently define the right-hand side in C\{ (—00, —c?/'2\ IJ [0^/2,00) } by selecting the branch of 

the corresponding multifunction in such a way that ^ ^"^a/f > for x > 0^/2, 

Next we construct boundary triplets for D'^ using the technique elaborated in [44] and [5 7) . 

3.1 Boundary triplets for Dirac building blocks 

We begin with a construction of a boundary triplet for the maximal Dirac operator on an interval. 
3.1.1 The case of a finite interval 

Let Dn be the minimal operator generated in I?[xn-i, Xn] <E) by the differential expression (|3.ip 

Dn = D\ dom(D„), dom(D„) = Wq ''[a;„_i, x„] ® C^. (3.6) 
We also put dn := Xn — Xn-i > 0. 
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Lemma 3.1. Z3„ is a symmetric operator with deficiency indices n±{Dn) = 2. Its adjoint Z?* is given by 

Dl = D \doTn{Dl), doni(i?;) ^ W^-^[xr,^uXn]®C^ ■ 
The defect suhspace Vl^ '■— ker(D* — z) is spanned by the vector functions f^(-, z), 

Moreover, the following is true: 

{i) The tnplet&''> = {C^, r[,"\ T^"^}, where 

fi-/ f<". (/■) - ( ) ff./ ff. (/■) - ( ) , (3.) 

forms a boundary triplet for D* . 

(ii) The spectrum of the operator Dn.o ■— \ kerrQ""*, where 

dom(i?„,0) = {{flj2V e W''^[Xn-l,Xn]®C^ : fl{Xn-l+) = /2(.x„-) = 0}, (3.9) 

is discrete. 



-1 \ 2 / 9 \ 2 
1 \ / 



a(i?„,o) = ^rf(i?„,o) = <(±^/^ (^J+2j +(^y) ' J -0,1,...^. (3.10) 

(iii) The ^-field 7,i(-) : — > L'^[xn-i,Xn] ® C^, corresponding to the triplet Zl*-"^ is given in the standard basis in 
C2 by 

~ ( \ f'"i\ _ ^ ( cos{k{z){Xn - x)) -(cfci(z))-isin(fc(z)(a;„_i -a;)) \ /wA 

^"^^^ U; ~ cos(d„fc(z)) sin(fc(z)(x„ - x)) -z c"! cos(fc(z)(x„_i - x)) j J ' ^ ^ ^^"^"^o^ 

(w) T/ie Weyl function Af„(-) corresponding to the triplet n*-"-* is 

MC^^-^^^—/^ cfci(z) sin(d„fc(z)) 1 \ ^^n(r) \ ('^^'>\ 

^"^"^-cos(d„fc(z)) (v 1 (cfci(.))-isin(d„fc(z)) j' -e^(^".o). (3.12) 

Proof, (i) and (ii) are straightforward. 

(iii) Since /~ and f^ form a basis in the defect subspace 91^ , we get from the definition of the 7- field, 



\ V2' ^ WT-iz)fn ix,z) +W2{z)f+{X,Z). 



Applying to this identity the mapping rQ"-* and using p.7p . (13.81) and definition (|2.4I) we get 

l^way \~icki{z)e''^('^^" icki{z)e''''^'>-.) \w2{z)) ^ ^ \w2{z)) ^ ^ ^ 

Hence (^^[^]) = A-i(z)(;;i). Setting A(z) := det A(z) = 2icfci(z) cos(d„fc(z)) we find 

^«(::) - aJ;, (.<='^.(')»'*'-". - (-,:,:,:'-i:..,: 

_ 1 / cos(A;(z)(a:„ - x)) ~{cki{z)y^ sm{k{z){xn-i - x)) \ /'vA 

cos{k{z)dn) \ -i fci(z) sin(fc(z)(x„ - x)) (i c)"^ cos(fc(z)(a;„_i - x)) J \u2/' 

This proves (P?TT|) . 

(iv) This statement is immediate from (|3.1ip . (13. 8p and the identity Af„(z) = r^"''7„(z). □ 
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3.1.2 The case of a half-line 

In this section we construct boundary triplets for the Dirac operator D on half-hnes R^^ := (—00, a) and Mfj" 
(&, +00). 

Denote by Da- the minimal Dirac operator generated by differential expression (13. ip in (M^ ) ® , i.e. 

Da-=D\ Aom{Da-), dom{Da-) = Wo''(M^) ® . (3.14) 

Lemma 3.2. Da- is a closed symmetric operator with deficiency indices n±{Da-) = 1. Its adjoint D*- is given 
by 

D:_=D\ dom{D:_) , dom{D:_) = W'^iR-) ® . 
The defect subspace ker(Z)*_ — z) is spanned by the vector function 



Moreover, the following hold 

(i) The triplet U'^''-^ = {C, r^''"\ T^""^ } where 

rt^f :^ T^;-'> (^^1) - .c/2(a-) and r^-^-) (^j^i) = /i(a-) , (3.16) 
forms a boundary triplet for D*a_ . 

(ii) The spectrum of the operator Da-^ '■= D*_ \ kerFQ^ is absolutely continuous, of the multiplicity one, 

aiDa-fi) = <Jac{Da-fi) = (-«), cV2] U [cV2, +00) . (3.17) 

(iii) The corresponding j-field 7a-(') : C — > i^(M^ ) (8) C^, is given by 

^ g'i k{z) a 

"fa-iz)w^W—i--j-yfaiz), Z(^p{Da_,o). (3.18) 



{iv) The Weyl function Ma-{-), corresponding to the triplet II'" ' 



IS 



Ma-{z)^—^ zepiDa_^o)- (3.19) 

C /Cl [Z j 

Next we denote by Df,^ the minimal Dirac operator generated by differential expression p.ip in i^(Kj^) (g) C^, 



I.e. 



1)6+ = D f dom(i:>fc+), dom(Z?5+) = W^^^iR+) ® . (3.20) 



Lemma 3.3. Dh+ is a symmetric operator with the deficiency indices n±(Di,+ ) = 1. The adjoint operator D^^ is 
given by 

Dl^ = D \ dom(I?*+) , dom(i?*+) = W^'\R+) ® , (3.21) 
and the defect subspace 91^ — ker(£)j^_^ — z) is spanned by the vector function f^{-^z), 



k{z) X 

ki{z)e' 



f^i^^^)---[. (3-22) 



Moreover, the following is true: 

{i) The triplet 11'^''+^ = {C, r|,''+\ rf +^ } whe 



:= (^;) = fdb+) and rf+V := T^^ = .c/,(6+) , (3.23) 

forms a boundary triplet for D^j^ . 
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(a) The spectrum of the operator -Db+^o ■= \ ker Fq''^'' = D^^ q is absolutely continuous of the multiplicity one, 

<j{Db+fi) = (Jac{Db+,o) = (-^, cV2] U [cV2, +c5o). (3.24) 
(Hi) The corresponding 'y-fi.eld jb+{-) ■ C L'^{M.'^) ® C^, is 

^b+{z)w^we-'''^''>'f+{z), zep{Db+fl)- (3.25) 
{iv) The Weyl function Afb+(-); corresponding to the triplet n(''+' is 

Mb+{z) ^ich{z), zepiDb+,o). (3.26) 
The proofs of Lemmas 13.21 and 13.31 are straightforward. 

3.2 Trace properties of functions from the Sobolev space VF^'^(M+ \ X) 

Let X = {a^n}^! be a discrete subset of the interval I = (a, 6), a;„_i < Xn, n G N, with the accumulation point 
b, i.e. such that b :— supX = lim„_>.oo a;„. We set xq :— a and 

dn-^Xn~Xn-i, (X ) : = iuf (i„ , d*(X) := supd„ . (3.27) 

" n 

In what follows we always assume for convenience that a := xq — 0. Then we define the minimal operator Dx 
on i5 = L'^{I) (g) by setting 

Dx:=^Dn. (3.28) 

where Dn, n S N, is given by p.6p . Clearly, 

dom{Dx) = Wo'^{R+\X)(^C^ =^Wo'^[xr^-i,Xn]^C^. (3.29) 

Investigating non-relativistic limit in the case 6 < oo we will also consider operators Dx © Db+ ■ 

Here we construct (ordinary) boundary triplets for Dirac operators with point interactions on the halfline as 
well as on the line. It is natural to define a boundary triplet for D*x = D'n as the direct sum 11 = n„ of 

boundary triplets !['■"•' — {C^,rQ"'',r$^"''} defined in Lemma \3A[ However, H is not an ordinary boundary triplet, 
in general. First we find necessary and sufficient conditions for a discrete set X = {xn}^=o which guarantee this 
property for the direct sum Hn- This problem is closely related to the property of trace mapping defined on 

the Sobolev space W'^'^{R+) by 

it: W'^'{R+)^l2{N), 7r(/) = {/(x„)}- 1. (3.30) 
Proposition 3.4. Let X — {a^njj^i be as above. Then the mapping tt is surjective if and only if d^,(X) > 0. 

Proof. Sufficiency Let rf*(X) > 0. Denote by wo(') G C'o°(I'^) ^ function with compact support suppuo C 
(— (i*(X)/2, d*{X)/2) and satisfying uo(0) = 1. Next we put Un(x) :— uo{x — Xn-i + dn/2), n e N, and note that 
suppu„ C [a;„_i,a;„] and ||u„||^^i,2 = ||uo||vyi,2, n € N. Since suppufe Hsuppuj = for j ^ k, for any sequence 
{a/c}i° € Z^(N) the following series converges in iy^'^(R+), 

CO oo 

f ■.= ^akUk(^W^-^{R+) and ||/I1^i.2(r^) = |1uo||^i,2(k^) • ^ 

fc=l k=l 

Clearly, f{xk) = at, k G N, i.e. 7r(/) = {ak}f and the mapping n is surjective. 

Necessity. Assume that tt is surjective. Choose any sequence {wn}i° € VF^'^(R+) satisfying 

Un(a;„) = 1, M„(a;„_i) = 0, n G N. (3.31) 
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Then, with the above notation dn — Xn — a^n-i we get 



2 



d-'=d-'\^J KMdtj <J KWI'di< hn|pH/i.2(M^), neN. (3.32) 

If TT is surjective, then, by closed graph theorem, there exists a bounded "inverse", i.e. a surjective mapping Tr^~^'^ 
such that 

TT^-i) : P{N) -^WiC W^^^{R+), TTTT^-i) = Ip, (3.33) 

where Wi is a (closed) subspace of VF^'^(R+). Hence there exists a bounded in W^''^{'R+) sequence C 
MK^'^(R+) covering the coordinate basis e„ := {Smn}m=i^ n € N, in /^(N), i.e. satisfying 7r(u„) = e„, n G N. 
Substituting the sequence {vn}f in (I3.32p in place of {u„}J°, we conclude that the sequence {d~^}f is bounded, 
i.e. d^X) > 0. □ 

Next we give a complete trace characteristic of the space VK^'^(]R.^ \ -'^) assuming for convenience that a — 0. 
Due to the embedding theorem, the trace mappings 

7r±:W''\R+\X)^f{N), ^+(/) = {/(^„-i+)}r, ^- (/) = {/(:r„-)}r , (3-34) 

are well defined for functions with compact supports, i.e. for / G W-^'^lxn-i, Xn], N £ N. We assume 7r± to 
be defined on its maximal domain dom(7r±) := {/ G W^^'^(R+ \ X) : TT±f G /^(N)}. Clearly, dom(7r±) is dense in 
W^'^{R+ \ X) although, in general, dom(7r±) ^ W^-^{R+ \ X). 

Proposition 3.5. Let X — {xn}^^i be as above with Xf) — and X C ]R._|_. Then: 
(z) For any pair of sequences a* — {a^}i° satisfying 

^{a^}r &l\n;{dn}) and {a+ ^ a^j^ e f{N;{d-'}), (3.35) 

there exists a (non-unique) function f G VF"'^'^(R+ \ X) such that TT±{f) = . Moreover, the mapping txj^ — Ti^ : 
VF"'^'^(R+ \ X) — > /^(N; {d'^^Y) is surjective and contractive, i.e. 

5^CV(a;„-)-/(x„-i+)P<||/||2^,,.(K^^;,), feW^'\^+\X). (3.36) 

(ji) Assume in addition, that d*{X) < oo. Then the mapping tt± can be extended to a bounded .surjective mapping 
from W^''^{M.-^- \ X) onto P{N; {dn}). More precisely, the following estimate holds 

^ dn {\f{Xn-l+)\^ + |/(X„-)P) < 4 {d*{Xnf'\\l.^^^^ + < / G W''^iR+\X). 

(3.37) 

where Ci := 4 maxjd* (X)^, 1}. Besides, the traces a* := TT±{f) of each f G W^^'^(M+ \ X) satisfy conditions 
p.35p . Moreover, the assumption d*{X) < oo is necessary for the inequality p.37p to hold with some Ci > 0. 

(Hi) The trace mapping Tr± : doni(7r±) — > 1^{N) is closed. Moreover, it is surjective, ran(7r±) D '^{N}, if and only 
ifd*{X)<oo. 

[iv) The mapping 7r± is bounded, i.e. dom(7r±) — W^''^{R-f- \X), if and only if 

<d^{X) <d*{X) <oo. (3.38) 

Proof, (i) Let conditions p. 351) be satisfied. Define a function gn by setting 

g„(x) = a+ + d,7^(x - a;„_i)(a,7 - a+), a; G [a;„-i, a;„], n G N. (3.39) 

Let us check that the piecewise linear function g — ®„gN5n has the required properties. Clearly, 5n(a^ri-i+) — o-t 
and gn{xn~) — o-n - Moreover, g'^ix) = d^^{a^ — a+) and 
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In other words, g' G L^{^+) if and only if {a+ - a"}?" G P{n\ {d.-^}). 
Next, it is easily seen that 

Il.9nlli2[x,._i,x„] = (R-e(a+a,T) - a+p^ 

= 3-id„ (|a+|2 + |a-|2+Re(a+^)) , n G N. (3.41) 
On the other hand, by the Cauchy- Schwartz inequality 

6-i(|zi|^ + |Z2|') < 3-i(|zi|2 + |z2|' +Re(ziZ2)) < 2-\\z^\^ + |z2|'). (3.42) 
Combining (|3.41D with (I3.42p we arrive at the following two-sided estimate for g — (Bn&iQn 

oo oo oo 

6^'E'^»(I4I' + KI') < ll.9lli^(R+) =Ell5"lli^K-i,-.] ^2-i^d„(|a+|2 + |a;|2). (3.43) 

n— 1 n— 1 n—1 

In other words, .g G L^(]R+) if and only if a± G ;2(N;{d„}). Thus, it follows from ipiig]) and ([gTiO)) that 5 = 
®ngN5n G iy^'^(]R+ \ X) if and only if both assumptions in p.35p are satisfied. 

To prove surjectivity of the mapping 7r+ : Vl^^'^(R+ \ X) -> P(N; {dn}) we choose any a"*" — {a+} G Z^(N; {rfn}) 
and put := {a~} = a"*". Clearly, {a+ — a~}^ = {0}i° G ^■^(N; {d^^}) and both conditions p.35p are satisfied. 
Thus, the step function g — (Bnendn with g^ '■— an G ^^"'^'^[a^n-ij 2;„], n G N, belongs to M^"'^'^(M+ \X) and satisfies 
7i'±(ff) = a=^- 

Further, for any /„ G VF^''^[a;„_i, a;„], n G N, one easily gets 

d-^\fn{Xn-) - fn(Xn-l+)? = d-' l^fj md?j < \m\'dt < |l/„||^i..[,„_„,„]. (3.44) 

Taking a sum one arrives at the inequality p.36p . 

(n) Next, let d*{X) < 00. By the Sobolev embedding theorem, for any / G W^'^{R+ \ X) 

max{d„|/(a;„_i+)p, d„|/(x„-)p} < 2 (d?J|/'||i.[,„_,,.„] + Il/Ili2[,„„„,„]) , n G N. (3.45) 

Taking a sum and noting that d* {X) < 00 we arrive at p.37p . It follows that the mapping tt± (see (13. 34^ *1 originally 
defined on functions with compact supports can be extended to bounded surjective mappings from M^"'^^^(M-|_ \ X) 
onto /2(N;{d„}). 

Further, let / G W^'^{R+\X) and let a+ := /(x„_i+), a" /(x„-). Since d*{X) < 00, it follows from (|337)) 
that the sequences = {a^}i° satisfy the first condition in p.35p . The second condition in (13.35^ is implied by 

It remains to prove the necessity of the assumption d*{X) < 00 for the validity of inequality p.37p . Choose 
/o e W^'^[0, 1] such that ||/o|li2[o,i]'= ^ and /o(0) = /o(l) = 1 and put 

fn{x):= fo{{x-Xn-i)d-'), neN. (3.46) 
Clearly, /„(x„_i+) = fn{xn-) = 1 and 

\\fnfw^..^,„ = /' \m\'dt + dn f |/o(t)pdi, n G N. (3.47) 
Substituting /„ in (I3.37P with account of p.47p we arrive at the estimate 

2dn < C, {d-'\\ahloS]+dn\\fo\\hloS]) = (^,7 ^ 1 1 1 1 ^2 [o, 1] + Cf' ^n) , " G N. 

This estimate is equivalent to 

d„<Cid-i||/^||i.[o_i], nGN. 
In turn, the latter is equivalent to d^ < C'i||/Q|||2rQ for nGN, which implies d*{X) < oo. 
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(iii) Let lini„_j.oo /n = / in VF^'^(K+ \ X) and lini„_j.oo T^i (/n) = h± in /^(N). By the embedding theorem, 
'iT±{fn) weakly converges to T^±{f) as n — > oo. Thus, / € dom(7r±), 7r±(/) = h± and the mapping 7r± is closed. 

Further, let d*{X) < oo. Then the space /^(N) is continuously embedded in Z^(N; Therefore the surjec- 

tivity of the mapping 7r± is implied by the statement (i). 

Conversely, let the trace mapping 7r+ : dom(7r+) — ?> P(N) be surjective, i.e. ran(7r+) = ^^(N). Then, by (i), 
is a subset of {d„}). It is easily seen that the identical embedding 1+ : P(N) {dn}) is closed. By the 

closed graph theorem, i+ is continuous, i.e. there exists a constant C > such that X^n^nknP — C'X]„ hnP- It 
follows that d* {X) = sup„ dn < C. 

(iv) Let conditions be satisfied and / = 0f /„ G VKi^^^j^^ y g^j^^g ^^^^x) > 0, we get from (P37)) 

IK+(/)||p(N) = E < '^*(^)"' E < ^^3||/||'h^i..(K^\X), (3-48) 

where C3 = Cid*(X)-i. Similarly we get ||7r_(/)||i2(N) = E„gn \fn{xn-)\'^ < C3||/||^i,2(r_^\x)- 

Conversely, let dom(7r+) = VK^'^(R+ \ X). Then is isomorphic algebraically and topologically to the 

quotient space VF^'^(R+ \ X)/ker7r+. Combining this fact with the statement (i), we get that ^^(N) is a subset of 
the weighted P-spa.ce {dn}). Hence, as it is proved in the step (iii), d*{X) < 00. In turn, by the statement (ii), 
we get that P(N) coincides algebraically and topologically with ^^(N;{(i„}). This immediately yields conditions 
^M- □ 

Remark 3.6. Letd*{X)< 00. Starting with f ^W'^''^{E.+ \X) we set af^ :— f{xn~i+), an '■= f{xn—), nEN,and 
define the function g = (Bf^gn where n G N, is given by p.39p . It is proved in statement (ii) that the sequences 
a^ = {a^}5^ satisfy conditions (13. 37^ and g € V(^^'^(K+ \ X). Therefore f admits the unique decomposition 

f = g + fo, where /„:=/- .g G <''(R+ \ X). 

In the case d*{X) = 00 this decomposition fails since g ^ IVq^'^(M_|_ \ X), in general. 

Remark 3.7. Assume that d*{X) < 00. Then using the continuity and surjectivity of the trace mapping t := 
(7r_,7r+) furnished in Provosition \ 3.5[ and following the approach from J6^l one can obtain a description of the 
set of self-adjoint extensions of the operator Dx by means of the Krein type formula for resolvents. It is a way 
alternative to that discussed in the next section. 



3.3 Boundary triplets for Dirac operators with point interactions 

Here we construct a boundary triplet for the operator D*^ := ®^=i^n- First we show that without additional 
restriction on X the direct sum ®^]^ H*-"'' of boundary triplets H*-"^ given by p.Sp forms only a B-generalized 
boundary triplet for -D^. 



Proposition 3.8. Let X be as above, d*{X) < 00, and let H^") = {C^, Fq"-*, F^"'' } be the boundary triplet fc 



or 



the operator D; defined m Lemma[3Ji Let also A Dx ®T ^n, H = P(N) <E) C^, and Tj = 0^^i F}"% 
j G {0,1}, I.e. 



f2j \\^cf2{Xn-)J}^^^j^ \f2) \\ fl{Xn~) J ) neti ' \f' 

(3.49) 

Then: 

(i) The mappings Fq and Fi are densely defined and closed. Moreover, the operator A.^ := A* \ dom(A,t) satisfies 

dom(yl*) := dom(fo) n dom(f 1) = dom(fo) = dom(f 1) 



/ = (^^) e W''^{R+ \X)(8>C^: {f,ixn-i+)}T,{fjixn~)}T e ^'(N), J G {1, 2} 



(3.50) 



(ii) The direct sum H := H*^"^ — |'H,Fo,Fi} forms a B-generalized boundary triplet for D*^ in the sense of 

Definition\2.7\ In particular, ran(Fo) = H. 
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(3.51) 



(in) The transposed triplet {HjTq ,TJ} := {Ti^Ti, —Tq} also forms a B -generalized boundary triplet for 

D*^. In particular, ran(ri) = %. 

(iv) The triplet H is an (ordinary) boundary triplet for the operator D*^ — '^'^'^ on/y if < d■^,{X) < 

d*{X) <oo. 

Proof, (i) By Definition 12.91 and formula (13.81) , tlie domain of Fq is given by 

dom(ro) = |/ = {^^^ e W^'\R+ \ X) ® C2 : {f,{xn-i+)}T, {f2{xn-)}T € 
Since < oo, it follows from ([XM]) that 

E - hi^n-i+)\' < d*{X) E d-i|/i(a;„-) - /i(x„_i+)|2 < d* {X)\\Sf^^,,^^^^^^ < oo. (3.52) 

n6N nGN 

Combining this inequality with (|33T|) . yields {fi{xn-)}f e The inclusionJ/2(a;„_i+)}f G P{N) is proved 

similarly. Hence dom(ro) = dom(ro) H dom(ri). The equality dom(ri) = dom(ro) H dom(ri) is proved in much 
the same way. 

(ii) Due to (i) kerFo C dom(ri) = dom(A*). Hence 

oo 

A^o A, [kerf - A* [kerf o = Ai,o = Aq = A*, (3.53) 

n=l 

i.e. — Aq is selfadjoint. The Green's identity (|2.2p is obviously satisfied for f,g E dom(yl*) (see (12. 2p ). It 
remains to show that ran(ro) = T-L = P{H) ® C^. This fact is immediate from (|3.5ip and Proposition 13 . ST iii) . 

(iii) The proof is similar to the proof of (ii). 

(iv) Let conditions p.38p be satisfied. Then, by Proposition I3.5f iii). dom(7r±) — W^''^{W^ \ X). Combining 
this fact with (P30)) we get dom(fj) = W^^'^{M.+ \X)® C^, j e {0, 1}. Hence Green's formula I^A^ holds for all 
f,g&domiA*). 

Next let us prove the surjcctivity of the mapping P — {Po,Pi}. Let — {akn}?^=i G '^(N), k E {1, ...,4}. By 
Proposition [X3 iii), there exist /i,/2 G Vl^^'^(M+ \ X) such that 

^+(/i) - {/i(:r„_i+)}- 1 = {ai4- 1, 7r_(/i) = {/i(a:„-)}~ ^ = {air.}^^,, 
7r+(/2) = {zc/2(a;„_i+)}Jf^i = {a3„}5f=i, ^-(/s) = {icf2{xn^)}^=i = {a24:f=i- 

Combining these relations with (j3.49l) . yields the surjectivity of the mapping P. 

Conversely let dom(rj) = W^'^(R+ \ X) C^, j e {0, 1}. Then, by (lOOl) . dom(7r±) = W^'^{R+ \ X). Now 
Proposition 13 . 5f iii) yields the condition d^{X) > 0. □ 

Remark 3.9. 

(«) We emphasize the difference between the trace mappings ■n± : W^''^{R+\X) — > and tt : iy^'^(M+) — > /^(N) 

(see p.30p j. According to Provosition \3.5\f iii) the first one is surjective if and only if d*{X) < oo. At the same 
time, by Proposition\3.4\ the second one is surjective if and only if < d.^,{X) < d*{X) < oo. 



(ii) We emphasize that the mapping Tj, j € {0, 1}, is bounded, Tj £ [^0+,^], if and only if d^{X) > 0. Indeed, it 
follows from p. II) and p.Sp that the estimate 

||f [,"V„||c2 < Can (ll^*Jnlii2[:r„_i,x„]»C2 + II /n II 1^ [^„_i ,x„]g)C2 ) > fn G dom(I?;), n £ N, 

yields ( in fact, is equivalent to ) the estimate 

|/i„(a;„„i+)p + |/2n(a;n-)P < fc„ (||/i„|l^i,2[^,^_^^^^] + ||/2ri||^i,2[^„_j^^„]) , /i«,/2n G W^^'^ [x„_ i , a;„] . 

Thus, the mapping Pq = ®neN-'^o"^ bounded, Pq G [^0+,^], if anrf only i/ sup„ fc„ < oo. /n twrn, according to 
the Sobolev embedding theorem, the latter is amount to saying that d^{X) > 0. 

This fact is similar to that for Schrddinger operator (cf. 144' Corollary 4-9]). It also shows that the condition 
sup„ ||ro"'|| < oo is only sufficient for a triplet H — ^„g|sjH„ to form a B-generalized boundary triplet (cf. 144\ 
Proposition 3.6]). 
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To obtain an appropriate boundary triplet for the operator D'^ = the case d■^, (X) = we regularize 

the boundary triplets n„ for I?* , n € N, given by (j3.8p . To this end we apply the regularization procedure proposed 
in Corollary [in (cf. formula (EJH)). 

Theorem 3.10. Let X — {a^nji^i be as above and d*{X) < +oo. Define the mappings 

rf"^ :W^-^^[xn-i,Xn]r^C^ , neN, j e {0,1} , 



4"^- . .mrf^ ' , I (3.54) 

\ icd„' Jl + -^f2{Xn~) I 



by setting 

\ d„ ' (1 + ^5-53-) {fl{Xn-) - fl{Xn-l+) - tcdn f2{Xn-)) 

Then: 

(i) For any n G N, H^") = {C^, r{,"\ F^"^} is a boundary triplet for D*. 

(m) T/ie direct sum U 0^^^ H^") = {-H,ro,ri} with U = Pin,^^) and Tj = 0^^i rj"\ j G {0,1}, is a 
boundary triplet for the operator D*^ — ^n- 

Proof. According to Lemma [3.1f ii) each operator D^ q ~ ^t* ^ S^P (~CKn,an) ^ c^/2). Hence the 

symmetric operator L'x = ®°^=iDn has a gap (—a, a) := n^(— a„,a„). Since < 00, it follows from p.lOp 

that a > cV2, i.e. (-a, a) D (-cV2,cV2). Moreover, by ((3T2)) . 

f = f ? M and < f = f i% , ,5/2 \ ^ (3^5g^ 



Since c^/2 g (0,a), we can apply Corollary 12.131 to regularize the sequence of boundary triplets II'^"^ = 
{C2,f[,"\fJ"^} for £>*, n e N, defined by (03). Starting with we define the matrices i?„ = ii* and 

Qn = QJl by setting 

^ \ ^ ~ ( 1 



Next we define a new sequence of boundary triplets n„ = {C^, r[,"\ T^"^} by formulas 

r("^=i?„r("\ r("^=i?-i(r(")-g„f|,")), neN. (3.58) 

Clearly, the corresponding Weyl function is 

M„(z) = i?-i(M„(z)-Q„)i?-i, neN. (3.59) 

Let us check that the family {Af„(-)}^2 of the Weyl functions satisfies conditions (12.281) of Corollarv l2.13l Indeed, 
by (|3?57| . M„(c2/2) = 0. Moreover, combining (|339| with (|337l) and (|3?56l) we get 



n n 



1 2 V-^ 



-1/2N 



Hence sup„gp^ ||Af4(c^/2)|| < oo and the first condition in (I2.28P is satisfied. Further, 



(3.60) 



n e N. 



-1/2N 

(M;(cV2))-^ = RMc'm-'Rn = -^^^ I ^ , ^'^^ _V2 ^ I , (3.61) 



-Ml' 1 
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where A(cV2) = 12(1 + c^dl){\2 + c^dl)-^. Hence sup„gpf II (-M^(c^/2)) II < oo and the second condition in 
(|2.28p is satisfied too. Thus, by Corollary 12. 13[ the direct sum n*^"^ is an ordinary boundary triplet for the 

operator D*-^. 

To complete the proof it remains to note that the mappings Fq"'' and n e N, defined by (I3.58P coincide 
with the mappings given by p.54p . p.55p . □ 

Remark 3.11. It follows from (|3.56p that both conditions 

sup ||M„(cV2)|| < oo and sup ||M;(cV2)|| < oo 

nGN riGN 

are satisfied for any discrete sequence X = {a;„}^]^ whenever d*{X) < oo. Applying Theorem \2.12Y i] we obtain 
an alternative proof of Provosition [STElf ii). 

-dn I \ 

ana 



Further, it is easily seen that M„ ^(^3-^ — 1 ^ q 



Thus, the sequence {— A/„ ^(•)}„gN satisfies conditions (|2.19p at the point a — c^/2 provided that d*{X) < 00. 
Again, by Theorem \2.1 2^ i ) . the direct sum 11 := ®^]^ H*^"^ forms a B-generalized boundary triplet for D*^ in the 
sense of Definition \2. 7| These reasonings give an alternative proof of Provosition lKW iii) . 

At the same time, condition sup„g|sj ||(M^(c^/2)) || < 00 is satisfied if and only if d^,{X) > 0. Hence Theorem 
\2.i2Y ii) gives an alternative proof of Provosition [KW iv). On the other hand, this example shows that condition 
(|2.20p of Theorem ['2.12\ is not implied by conditions (|2.19l) (cf. Example [2.14^ i)). 

Corollary 3.12. Let 11 = {H^TojTi} be a boundary triplet for the operator D*^ defined in Theorem \ 3.1(A i.e. 
n = 0r=in("^. Then: 

(i) The set of closed proper extensions of Dx is parameterized as follows 

Ihi = Dx,B ■■= D*x \ doin{Dx,e), dom(i?x,e) = {/ G ^'^{1 \ X) ® : {Taf, Tif} e 6} , (3.62) 
where 9 G C(H) \ {{0} UH®H}. 

(m) Dx,b symmetric (self-adjoint) if and only if so is Q. Moreover, n±{Dx.e) ~ n±{Q). 
(Hi) Dx.B is m-dissipative (m- accumulative) if and only if so is O. 

(iv) Dx — Dx,Q is disjoint with Dx.o '-^ DX^ \ kerFo if and only if Q is a closed operator. In this case relation 
iS. 62\) takes the form 

Ihc - Dx,e ■■= D* \ ker {T, ~ eVo) . (3.63) 
Moreover, Dx — Dx,e and Dx.o are transversal if and only if i3. 63\) holds with O G \H]. 
Proof According to (jg:^ D*^ = 0^^i -D* , hence 

00 00 

dom(D^) = 0dom(i?;) =0M^i'2[a;„_i,a;„]®C2 = M/i^2(2:\x)®C2. 

n— 1 n—1 

One completes the proof by applying Proposition 12.31 □ 

Remark 3.13. Consider a Dirac operator with point interactions supported on the set X = {xk\kei C X = (a, h), 
Xk-i < Xk, k Cz I, where either I = N or I — Z. Moreover, we assume as usual that limi^^oo x^. = b < 00 and 
linik-^-oo Xk = a> —00 in the second case. Now in place of p.28p the minimal operator is Dx '■— ®n^jDn. 
To investigate the non-relativistic limit on the line we also will consider the operators 

Da-^Dx^Di+, (3.64) 
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where the first (resp. the third) summand is missing whenever a — — oo (resp. b = oo). The corresponding maximal 
operators are given by D*^ = -D* and D*_ D'^ ^1+' respectively. 

The appropriate boundary triplets for the maximal operators are of the form ®„g/ n*-") and n*-"^' ^ n*-")) ^ n'*" 

respectively. Here H^""^ and 11^''"'"^ are the boundary triplets defined in Lemmas \ S.2\ and lS.'A respectively. Using 
these boundary triplets one parameterizes the set of proper extensions of the operators Dx and p.64p in just the 
same way as in Corollaru \3.12[ 



4 Non-relativistic limit 

Here we investigate the non-relativistic resolvent limit of maximal dissipative (accumulative) extension Z)^ q defined 
by p. 621) . To this end we consider the operator —d^/dx^ with point interactions on a discrete set and following 
[44j describe the corresponding boundary triplets, Weyl functions, etc. 



4.1 Boundary triplets for Schrodinger building blocks 

First we present a boundary triplet for the maximal operator on a finite interval. Let denote the minimal 

operator associated with the differential expression — in L^[x„_i,a;„] by 

dp 

Hn \ dom{Hn), dom(i/„) = W^^^[xn^i,Xn], n E N. (4.1) 

Lemma 4.1. The operator Hn is symmetric in L^[x„_i,a:„] with the deficiency indices n±{Hn) = 2. Its adjoint 
iJ* is given by 

K = \ dom(i7:), dom(iJ:) = W^-^[xn-ux„], 

and the defect subspace Viz = ker(i7* — z) is spanned by the functions f^ Hi')^ 

/^ffWW:=e*'^^ Im(V^)>0. (4.2) 

Moreover, the following holds. 

{i) The triplet H^'^ = {C^ To"!, r^"]^} where 

f (") f f f{Xn-l+) \ nn) r ._ ( f'{Xn-l+) \ „x 

f{x,,^) j' 'i^Hf-^ (4.3) 

forms a boundary triplet for H* . 

(ii) The spectrum of the operator Hnfl ■— H* \ kerFp"^ is discrete, 



a(i?„,o) = a,(i/„,o) = I ^ (^^' + 2 j ' J e {0} U N j . (4.4) 
(iii) The 'y-field 7n(-) : — >■ L'^[xn-i,Xn], corresponding to the triplet 11*^") is given by 

ln{z) h) =^^, fcOs(yi (.„-.)), y^-(V-<y^-x)) \ fwA 

\w2j cos(rf„vi) V J V^2y 

1 f I Ti w sin(Vz(x„_i - a::))\ ^ , „ \ , a r.\ 

= T-, -j=T\WxC0S{^Jz{Xr^-x))-W2 p , zep[Hn.o). (4.5) 

C0s(d„v^) V ^/z J 

{iv) The Weyl function M„./f(-), corresponding to the triplet H^' is 

M^M^) = ^} ^, ( ^ '^"f " ^) V ^ e p(i?„.o). (4.6) 

cos(d„V^) \ I z sm(dn y/z) J 
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Next we present a boundary triplet for the operator — J-5 on the half-hne. Denote by Ha_ the minimal operator 



2 

associated with the differential expression — ^ on L^(R~) by 



Ha-=-^ \dom{Ha-), dom{Ha-) = W^'\R-). (4.7) 
Similarly, Hb+ denotes the minimal operator generated by the expression —cP/dx^ on L'^{R'^), 

Hb+ = r dom(//fe+), dom{Hb+) = wS'\R+) . (4.8) 

Lemma 4.2. The operator Ha- is symmetric with the deficiency indices n±{Ha-) = 1. Its adjoint H*_ is given 
by 

H:_ := (H^^r = \ doMH:_) , dom(i/:_) = W^'^{R-) , 

and the defect subspace 01^ = kei{H*_ — z) is spanned by the vector function 

f- {x, z) := e-^ ^^ lm{^z) > 0. (4.9) 

Moreover, the following holds: 



ere 



(i) The triplet H^"^ = {C^ ''^i,H } ' 

rfcV := f'ia-) , r^:^)/ := /(a-) , (4.10) 
forms a boundary triplet for the operator H*_ . 

(ii) The spectrum of the operator Ha-fi :— H*_ \ keiT'^j^^ = (Ha- ft)* is absolutely continuous, 

a{Ha-M) = (TaciHa-fi) = [0, +Oo) . (4.11) 

[Hi) The corresponding ^-field 7a-,i?(-) : C — > L^(M^), is 

Ja-,H{^)w = W^e'^y-jj{;z), weC+, ZGp{Ha-,o). (4.12) 

(iv) The Weyl function Ma-,H{-) corresponding to the triplet H^"'' is 

Ma-,H{z) = ze p{Ha-fl). (4.13) 

Lemma 4.3. The operator Hb+ is symmetric with the deficiency indices n±(i?(,+) = 1. Its adjoint H^_^_ is given 
by ^ 

H;+ := [Hb+r = \ dom(i7,%) , dom(i/,%) = W^^\Rt) , 

and the defect subspace 91^ = kei{H^_^_ — z) is spanned by the vector function 

f+Hi^,z) := e'^- , Im(VJ) > 0. (4.14) 

Moreover, the following holds: 

(i) The triplet n^+^ = {C^,^o^P , where 

rJJ^f :=/(&+), r(^+V := /'(&+), (4.15) 
forms a boundary triplet for the operator H^_^_ . 

(ii) The spectrum of the operator H^+fi := H^^ ^ \ kcrFQ^'J'' = H^^ ^ is absolutely continuous, 

a{Hb+^o) = (Tac{Hb+fl) = [0, +^) . (4.16) 

(iii) The j-field jb+,H{') '■ C — )■ L'^{R'^) corresponding to the triplet 11^^'' is given by 

7b+(^)«; = ^i;e-'v^^/,+ .^, ^ c, z € p{Hb+,o). (4.17) 

(iv) The Weyl function Mb+,H{-) corresponding to the triplet 11^^ •* is 

Mb+,H{z) =i4~z, z& p{Hb+fl). (4.18) 
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4.2 Boundary triplet for Schrodinger operators with point interactions 

Let X ~ {xn}^=i, a — xo, Xn-i < Xn, be a discrete set as in Section 3.2. We define Hx by 

Hx-=^H^. (4.19) 

nGN 

Now we are ready to construct a boundary triplet for the operator H'^. 

Proposition 4.4. (f44^) Let E^''' = {C^, Fg"^, F^"^} be the boundary triplet for the operator H*, n e N, defined 
in (|4.3p . Then the direct sum 

oo oo 

n^^&H^ = {n,f„,H,fi.„}, n = i2{N)^c\ r,-^^ = 0r5."^, je{o,i}, (4.20) 

n— 1 n— 1 

forms a boundary triplet for the operator — */ '^^'^ oTiZy if < d.^,{X) < d*{X) < oo. 

In the case d^,{X) — a boundary triplet for the operator H'^ was constructed in 144 [ Theorems 4.1, 4.7] by 
applying to triplets H^'' the regularization procedure described in Corollarv l2.13l 

Theorem 4.5. ((44} Theorem 4-V) Assume that d*{X) < +oo and define the mappings rj"^^ : W^^'^[x„_i, x„] — 
, n e N , j € {0, 1}, by setting 

f I dn f{Xn-l + ) \ (A 01\ 



p(n) . Z dn^''^{f{Xn-l+)- f'{Xn-)) | .^22) 

' d-^'\f{Xr,-)~ f{x^-l+))-d-^'^f'{x„ ^ 



(i) For any n € N, H]:^ = {C , ^, Fj^ ^} is a boundary triplet for H* 



{ii) The direct sum U = ^'^^^ H^^ = {H, Tom, Tim} with U = P(N, C^) and T^m = 0^=1 J ^ {0' «s « 
boundary triplet for the operator H*^ = ^n- 

Corollary 4.6. Let Hh = {T~L,Tqm,Tim} '■— FI^'' be the boundary triplet for H*^ defined in Theorem \4.5\ 

Then: 

(j) The set of closed proper extensions of Hx is parameterized as follows: 

Hx - Hx,B ■■= H*x \ dom(i?x,e), clom(ifx,e) - {/ G W^'''{I\X) : {Fo,^/, Fi,^/} G 6} , (4.23) 
where 6 G CCH) \ {{0} yjUQU}. 

(ii) Hx.s is symmetric (self-adjoint) if and only if so is Q. Moreover, n±{Hx,B) = n±(Q). 

(iii) Hx.B is m-dissipative (m- accumulative) if and only if so is O. 

(iv) Hx = Hx,e is disjoint with Hx.o ■= H'^ \ kerFo,H(= H'^ q) if and only if Q is a closed operator. In this case 
relation l{4.23\ l takes the form 

Ihc = Hx,e := H*^ \ ker (Fi,^^ - GFch) . (4.24) 
Moreover, Hx — Hx,b ^.i^d Hx,o are transversal if and only if {4-24^ holds with G \H\. 

Remark 4.7. Consider Schrodinger operator with point interactions supported on the set X = {xk\kei C I = 
(a, h), Xk-i < Xk, k ^ I, where either I = N or I = Z. Moreover, we assume as usual that limfe_i.oo Xk = b < oo 
and linii;_5._oo a:*: — a> —oo if I — Z. Now in place of (14.19^ the minimal operator is Hx '■= ®nei 
next section we will also use the operators 

Ha-^Hx^Ht+, (4.25) 
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where the first (resp. the third) summand is missing whenever a — — oo (resp. b = oo). The corresponding maximal 
operators are given by = H* and H*_ H'^ ® H^^, respectively. 

The appropriate boundary triplets for the maximal operators are of the form and 11^ ^ n^''^ 

respectively. Here and n^^"* are the boundary triplets defined in Lemmata \4.S\ and \^.3\ Using these boundary 

triplets one parameterizes the set of proper extensions of the operators Hx and (|4.25p in just the same way as in 
Corollary 

4.3 The non-relativistic limit for general realizations 

In this section we investigate the non-relativistic hmit of any m-accumulative, m-dissipative (in particular self- 
adjoint) extension Dx of Dx- We confine ourself to the case of the half-line Kq = (a, +oo) only, i.e. assume that 
h = -f cx). The cases of Dirac operators either in L^(— cx), b) (E) or in L^(R) (E) C^, with b < +oo, can be treated 
similarly by using the boundary triplets discussed in Remarks 13.131 and 14.71 

Denote by X — {x^J^^i the discrete subset of Rq, Xq = a (cf. (|3.27I) V We will use the boundary triplet 
n = {-H,ro,ri} = 0^^in(") defined in Theorem [^101 where n(") is given by (^3^1) and (P35|l . In what follows 
we equip all objects related to the Dirac operators by index c to exhibit dependence on the velocity of light. For 
instance, we write D"^, D^, Mn,c{-) in place of Dx, M„(-). 

Theorem 4.8. Assume thatd*(X) < +oo, = {■H,ro,ri} andUn — {"H, Fo./f, Fi./f } are the boundary triplets 
for (D'j^)* and H'^ defined in Corollaries \3.12\ and \4-.6\ respectively. Let also D'^ and Hx be m-accumulative (m- 
dissipative) , in particular, self adjoint, extensions of D'j^ andHx, respectively, and let Qc andQ be the corresponding 
boundary relations in the boundary triplets Hd and Hh , i-e- D'jr = D'j^ q and Hx — Hx,q according to formulae 
and (11231), respectively. Ifl'^(N,C'^) is a core for Q, /g(N, C^) C nc>idom(Oc) n dom(O) and 

lim Qch^Qh, hell{n,C^), (4.26) 

c—^-\-oo 

then 

,s-^Um^(Z5^^e.~(^ + cV2))"' = (Hxe-^)-'(g)(^ J ), z € C+ (z € C_). (4.27) 

Proof, (i) First we investigate the limit of the Weyl functions M„ c(') given by (|3.59p . It follows from p.3|) and 
that 



lim k{z + c^/2)= lim cfci(z -|- c72) = ^I, z e C±. (4.28) 

c— V+OO C— >-t-C30 

Next we find the limits as c — oo of the basis defect vectors defined by p.7|) . p.lSp and p.22p . respectively. Taking 
into account (|4.28p and relation (|4.2p we obtain 

± 



hm^/±(,z + cV2)=(^">'")) 



where the convergence is in the Hilbert spaces L^(x„_i, a;„) (g) C^. 
According to (|3.59p and (44l equation (83)] 

M„,e(z) = Rn{c)-\MnAz) " Qn)Rn{c)-^ , M„,h(z) = i?" (M„.H (z) - Qn)K^H ' (4-29) 

where Mn,c{ ) and M„,//(-) are defined by (|3.12p and (14. 6p . respectively. Besides, Rn{c) := Rn and Rn.H are defined 
by (|3.57p and :44, formula (94)], respectively, i.e. 



d'J' 



dip _ \ / 

1 

Clearly, 

(1 + c-2d-2)-i ^ 1 as c^oo. (4.31) 
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It follows from (|4.30l) and (I4.3ip that linic->oo Rn{c) = Rn,H, n e N, and 



-1/2 



as c — > 00, n e N. 



(4.32) 



^ d-^/^(i + c-XT'ri/2 ^ 

Next, combining p.l2p and (|4.6p with (I4.29P and taking into account relations (|4.28p and (|4.32p we arrive at 

lim Mn c{z + cV2) = M„,h(z) , ?i G N. (4.33) 

We emphasize however that the convergence in (|4.3ip . hence the convergence in (|4.32p and (|4.33p . is uniform 
in n G N if and only if d*(X) > 0. 
(ii) In this step we show that 



lim {Gc - Mc{z + /2)) ^ ^ {Q - Mh{z)) \ zeC+. 



(4.34) 



We consider the case of to- accumulative 0, the case of TO-dissipative is treateded similarly. 

Straightforward calculations show that the matrices ^(c^/2) are uniformly positive in n e N and c e (0, oo). 
Indeed, it easily follows from p.60p that the following inequalities hold 



K.c(cV2) = 



1 



-1/2 



-1/2N 



3 



c G (0, oo), n £ 



(4.35) 



Note that the Weyl function Mc(-) corresponding to the triplet U{c) = ®^ Un{c) is Mc(-) = ®T ^'^nA') ^ [^]- 
Combining this fact with inequalities (I4.35P and the integral representation of the -function Md-) (see (|2.8p ) 
we obtain 

M^(cV2) = 0m;,(cV2) = / — ^— ^dS],(t) > c e (0,oo), (4.36) 

where {—ac,ac) ■— <^^=i{—ctn,c,ctn,c) and > c^/2. Further, it follows from p.lOp that with some Eq > 



c 

etc 

2 



4d*(X)2 



c c 

y ^ y 



1 - 1 



^7r2d*(X)-2c-2 + l + l 



' (i*(X)2c2 

> eo for c > 1 



Hence \t-c^/2\ 

> etc ~ c2/2 > £o, t G M \ (— etc, etc) and c > 1. In turn, this inequality yields 



(t-c2/2)2 
(t-c2/2)2 + l 



> 



p2 
^0 



t eR\{-ac,ac), c> 1. 



(4.37) 



(4.38) 



Combining this inequality with (|4.36l) and using the integral representation p.8p of the Weyl function Mc{-) we 
arrive at the following uniform estimate 



ImAfe(i + cV2) = / 

Jr\(-Qc,q, 



1 



,(.-c2/2)2+T^^^W^S^«' ^^1- 



(4.39) 



Since Qc is m-accumulative, we easily get from (I4.39P that 



\\{ec-Mc(i + c^/2))h\\ ■ \\h\\ > KiOc- Mc{i + c^/'2))h,h) \ > \lm {{0^ - M^i + c"^ /2))h,h)\ 
= -lm{ech,h)+lm{Mdi + c^/2)h,h) > ^ei\\h\\^, c > 1, h £ ll{N,C^) 

Since ll{N,C^) is dense in H = P{E,C^), this inequality yields 

{Oc - Mc{i + /2)y^ < 16£r\ c>l. 



(4.40) 



29 



Further, relations (I4.33|) imniediately imply limc^+co Mc{z + c'^/2)h — MH{z)h, h £ Iq{N,C'^). Combining this 
relation with (j4.26p . yields 

lim (Oc- Mc{z + c'^/2))h= {Q - MH{z))h, h e ll{N,C'^), z E C+. (4.41) 



c— >--|-oo 



In turn, combining (|4.4ip with the uniform estimate ()4.40p and applying [HI Theorem 8.1.5] we arrive at (|4.34p . 
(iii) In this step we prove the following limit relation 



lim 7c(z + cV2) (ec-M,(0 + cV2)) \-*{z + cy2) 

c— >-+oo 

= {jh{z) (e - Mniz))'' 7ff (^)) (8) ( J ) : ^ ^ C+. (4.42) 
It follows from the first identity in (|3.58p and Definition 12.41 fsee formula (|2.4p ) that 

Combining these identities with p. lip and (|4.5p and taking ()4.28p and (|4.32p into account we obtain 

+ cV2) = ( h-^W*^ ) , ta^ + cV2) = ( S|»<:»: I ) . (4.43, 

Here {'jn,Hiz))j denotes the jth component of the vector function 7,1,^(2) and the convergence is understood in 
L'^{xn-i,Xn) (8) C"* and Hn, respectively. 

Next we prove that the family 7c(2 + c^/2) = 7n,c(« + c^/2) is uniformly bounded in c > 1. More precisely, 

assuming for simplicity that z = i wc show that 

sup||7c(cV2±i)|| =sup||7*(cV2±i)|l < 8v^. (4.44) 

C>1 C>1 

It follows from ([2?6l) that 

ImMc(cV2±i) = Im(cV2±i)7*(cV2±i)7c(cV2±i) = ±-f*{c^/2±i)jc{c^/2±i). (4.45) 

So, it suffices to estimate ImMc(c^/2 ± i) from above. 

Taking into account formula (|33T|) where A(c2/2) := 12(1 + c^dl){l2 + c^d^)-! < 12, we obtain from (|33T|) 
and (jOSl) that 



A(c2/2) 
Hence 



"^^^^^ >1.1, n.N,c>l. (4.46) 



16-1 < M;,(cV2) < 192 and M^(cV2) = Af;,(cV2) < 192 • /„. (4.47) 
On the other hand, it follows from (|4.39l) and (|4.36p with account of (|4.47p that 

= M;(cV2) < 192 • c>l. (4.48) 

Combining this estimate with (|4.45p we arrive at (|4.44p . 

Further, note that the convergence in (|4.43p implies the convergence of finite direct sums. Finally, combining 
this fact with the uniform estimate (j4.44p we obtain 
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where (7H(-))j, j E {1,2}, denotes the jth component of the vector function 7i/(-)- The convergence in (|4.49p 
holds in the spaces L^{a, b) ® and respectively. Combining relations (|4.49p with (|4.34p we arrive at (|4.42p . 

(iv) In this step we prove formula (I4.27P for the operators = Df^ and Hx — Hn assuming for 

the moment that the following limit formula holds 



- hm - (z + cV2)) ' = {H,,,o - z)-' i 



1 




n e 



(4.50) 



Here 



D*„ \ kerr[,"\ ff„,o H* \ kerT^"], and 



domp^ o) = kerr^") = {{/i,^}" e W'-'[x„^,, x^]®C' : /i(x„_i+) = /2(a;„-) - 0} and dom(i7„,o) = <'"[x„_i, x„]. 



rl,2 



The proof of (|4.50p is postponed to the next step. Note that convergence in (|4.50p is uniform in L^[a;„_i. a;„] ( 
According to the Krein-type formula for resolvents (see ^2.9^ ) 



D 



and 



{Hx,e - z)-' = {Hx,o ~ z)-^ + 7h(z) (9 - Mh{z))-^ -i*^{z) . 
Here the realizations D\ q and i?x,o are given by 



(4.51) 
(4.52) 



and i/x,o - i^n.o = 0(^«.o)* = ^ 



(4.53) 



n=l 



n=l 



Combining relations (|4.50p with (|4.53p and noting that (_Dfj q — (z + c^/2)) ^ < | Imz| ^ for any n and c > 0, 
we obtain 



hin - (z + cV2)) =(i7x,o-^)" 



1 




z e 



(4.54) 



Finally, combining this relation with (|4.42p and applying the Krein type formulae ()4.5ip and (I4.52p we arrive at 
g22|)- 

(v) In this step we prove formula (I4.50p as well as the following formulas 



- lim {p% - (z + cV2)) ' ^{Hr- zY 



>-\-oo 



1 




T = a—, b+, 



z e 



(4.55) 



All formulae can be obtained by direct calculations but we prefer to extract them from the classical result for the 
"free" Dirac operator considered on the whole line. To be precise denote by D^^.^^ and iJtico the "free" Dirac and 



Schrodinger operators generated by deferential expressions (|3.ip and 



By definition, dom{Dl^J = W^-^{ 
e.g. [71 Chapter 6]) 



on 



) and (M) , respectively. 



> C and dom(i?frco) = W ' (R). Then according to the classical result (see 



- hm {Dg^^ -{z + cV2)) ' = (i?ft.cc - z)-' I 



>-+oo 



1 




(4.56) 



To this end we introduce a two points set Y :— {a;„_i,x„} —: {a, 6} and consider the boundary triplet Ily = 
n(»-) n(") n(''+) constructed in Corollary |3l2] for the operator (D^)* = {D"^- ® Df^ ^ 0^+)* . In other 
words, = {C4,rg,rf} where q := tJ""^ f j"^ rf +\ j e {0, 1}, and rj""\ fj"\ and rf+^ are given by 
([3T6)) . (p^ and ((X?3| . respectively. 

It is easily seen that in the triplet Hy the operator D^^^^ is given by 



1 hia- 


)\ 






1 









Ac/2(a- 


) 


icf2ia- 






1 













/i(a+ 


hib- 


) 













1 




ic/2(6- 


-) 


\ich{b- 






^0 





1 


0^ 




^ fi{b+ 


/ 



efrecrg/, /edom((i?^) 



(4.57) 
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i.e. -Dfree = (Dy)* \ ker(rf — Ofrocrg). We emphasize that despite of the dependence of the triplets 11^ on c, the 
boundary operators Qhcc — ci® <7i do not depend on c. Here ui = ( Y] (see definition (|3.2[) '). 



.1 Oy 

Alongside the triplet Ily we consider the boundary triplet IIy,h for the maximal Schrodinger operator 
given in Remark 14.71 fsee also Theorem I4.5p . Clearly, 

iiY,H = {C\ To,H,r,.H} := n^"-) n(^') n(J+) with r,,^ r^^^ rj") r;.:'+). 

Here T^"^', f^''^ and TfP, j e {0, 1}, are given by KW\l . and (gm, respectively. It is easily seen that 
in the boundary triplet Hy.H the free Schrodinger operator i/frcc is given by Hf^ee = Hp \ ker(ri_jj — QheeTo.H) 
with the same boundary operator Ofree as in (|4.57p . 

Consider formulae (I4.5ip . (|4.52p and the limit relation (|4.42p with the set Y = {a,b} in place of X and 
8c = = 6frco- In this case (|4.42p holds in the uniform sense since Y is finite. Taking this relation into account 
and passing to the limit as c — > oo in the Krein type formulae (|4.5ip . (j4.52p . with account of (|4.56p we arrive at 
the identity 

Jm^(i?^,o-(^ + cV2))"' = (i/y,o-^)"'(g) J Q ) , zeC+. (4.58) 
In turn, it implies (|4.50p as well as relations (|4.55p . □ 



Corollary 4.9. Assume the conditions of Theorem \4-8\ Assume, in addition, that d^{X) > (in particular, X is 
finite) and that in place of (|4.26p the uniform resolvent convergence holds, i.e. 

lim ||(ec-z)"^-(e-;z)"^|| =0, zeC+(zGC_). (4.59) 
Then in place of (|4.27p the uniform resolvent convergence holds, i.e. 

u-^hm^(D^^e.-(^ + cV2))"' = (i^x,e-^)-'(g)( J ), ^ G C+ (z G C_). (4.60) 

Proof. It can be proved that in the case d*{X) > condition (j4.59p implies uniform convergence in (|4.34p . It can 
be done using uniform counterpart of |22[ Lemma 3.1]. Moreover, in this case the convergence in ()4.49p . hence the 
convergence in (I4.42p . is uniform too. Besides, in the case d^,{X) > the convergence in (|4.54p is also uniform. 
Finally, combining these relations and applying the Krein type formulae (|4.5ip and (|4.52p we arrive at (|4.60p . □ 



Remark 4.10. Theorem \4.S\ with its proof remains valid in the case of Dirac operators Dx on the line with 
interaction set X = {xk}kei.^ x^-i < x^. Indeed, it can he adapted to this case by using the boundary triplets 
defined in Remarks \3.13\ and \4-. ?[ 

In conclusion, note that Theorem comprises (see also Theorem \5.43\ below) and extends known results on 
the non-relativistic limits of Dirac operators with point interactions (see J3l, ]3C^ . Appendix J] and references 
therein). 

5 Gesztesy-Seba realizations 

Following [3D] (see also [3]) we define two families of symmetric extensions, which turn out to be closely related to 
their non-relativistic counterparts S- and 5'— interactions. First we consider the case of a finite or infinite interval 
I = (a, 6) C Mq, ~oo < a. Let, as in the previous sections, 

X = {Xn}n€fi , — OO < a =: Xq < Xi < . . . < Xn < Xn+1 < . ■ ■ , hm Xn = b < OO , 

n— >-+oo 

and let 

a := {an}^=i C M U {+c»} , f3 {Mn=i C M U {+cx)} . 
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Then the two famihes of Gesztesy-Seba operators (in short, GS-operators or GS-realizations) on the interval (a, b) 
are defined to be the closures of the operators 



-D \ dom(D^, J, 



/2(a+) = 0, /2(x„+)-/2(a;„-) = ^/i(x„), hgNL 

c J 



(5.1) 



and 



D% =D \ dom(i?^,^), 



doni(i?^_^) ={/ e T4^,i,^p(l\X) $5 C2 : /i e ACioc(X\^), /2 e v4Qoc(I); 

/2(a+) = 0, fl{Xn+) - fl{Xn-) = «/3nC/2 (Xn) , n G n|, 



(5.2) 



respectively, i.e. Dx,a = -D^^^ and Dx,i3 = 

It is easily seen that both operators Dx,a and Dx,(3 are symmetric, but not necessarily self-adjoint, in general. 
However, both Dx.a and Dx,i3 are either symmetric or self-adjoint only simultaneously. If Dx,a and Dx,i3 are 
self-adjoint, then their domains are described explicitly (see Theorem IS.Of i)). Moreover, the character feature of 
GS realizations Dx.a and Dx,fs is that they are always self-adjoint provided that I — R±,R, (see Proposition 15.51 
and Theorem 15. 9f ii)). 

Remark 5.1. 

(i) Originally the GS-realizations Dx,a md Dx,p have been introduced (cf. ISO}/ ) in the case of point interactions 
distributed on the line R. In this case X = {xk}kez, ct = {ak}kei,, P = {Pk}k£Z, and lim„_>_oo a;,i — —oo and 
lim„_i.+oo Xn = +00 . Moreover, in this case boundary conditions in (|5.ip and (|5.2p are labelled by n Z and the 
condition /2(a+) ~ is dropped. 

{a) Note also that if an — 00 ("/?„ = 00) for some n G N, then the n-th boundary condition (j5.ip (resp. (|5.2p ) takes 
the form 

fi{xn) = {resp. f2{xn) = 0). (5.3) 

In what follows we call conditions (|5.ip . (|5.2p by Gesztesy-Seba boundary conditions (in short GS-conditions). 

To investigate Gesztesy-Seba realizations Dx,a in the framework of boundary triplets approach we first find 
boundary relations (operators) Q that parameterize operators Dx,a according to Corollary 13.121 It turns out 
that, as in the Schrodinger case (cf. [44]), the boundary operator corresponding to Dx.a in the boundary triplet 
constructed in Theorem 13.101 is Jacobi matrix. 



5.1 GS-realizations Dx,a'- parametrization by Jacobi matrices 



Consider the boundary triplet 11 = {'H,ro,ri} for constructed in Theorem 13. 101 (cf. formulae p.54p . (|3.55p V 
By Corollarv l3.12f i'). the realization Dx,a admits the representation (cf. (|3.62[) ) 



Dx.a = i?e(a) := D*x rdom(I?0(,)), dom(i^0(„)) = {/ e W'^\l\X) ® : {Tof, Ti/} e 6(0)} 



(5.4) 



Since for any a the realizations Dx.a and Dx.q D*^ \ ker(ro) are disjoint, 0(a) is a (closed) operator in 
T-L = P{N) (g) C^, Q{a) E C{T-L). We show that 8(a) is a Jacobi matrix. More precisely, consider the Jacobi matrix 



/ 



Bx,a = 
















v(d\ 






v{di) 
v{d2) 

"2 "3 







U(d2) 



a2 
ds 



\ 



(5.5) 
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where 



1 + 



1 



(5.6) 



Let Tx,a be the second order difference expression associated with (|5.5p . One defines the corresponding minimal 
symmetric operator in P{N) (g) by (see pi ITOl) 



X, 



J:=Tx,a/, f edomiB''xJ:^lf,{n)<E>C^, and 



Recall that BjcJl has equal deficiency indices and n^{Bx.a) = ^-(Bx.a) < 1- 
Note that Bx,a admits a representation 



A ,< 



(5.7) 



Bx.a = Rx^{Ba - Qx)Rx^, where B„ := 



/ 




















1 











1 


ai 




















1 











1 


Q!2 



(5.8) 



V 

and Rx = Rn, Qx = 0j^i Qn and i?„, Q„, are defined by p.57p . 

Proposition 5.2. Lei 11 = {"H, Fg, Fi} 6e f/ie boundary triplet for DX^ constructed in Theorem \3.1U\ and let Bx., 
be the minimal Jacobi operator defined by (|5.5p . Then Q{a) = Bx.a, 



Proof Let / e Vt^comp(2^ \ X) ® = (iyi'2(-j \ X) n Ll^^p{I)) (g) C^. Then / € dom(L)x,a) if and only if Fi/ 



Bafo/- Here fj := ©^gNrl"-* where f^"^ j € {0,1}, are defined by dSj]) and is given by dSJ]). Combining 



'new j 

([3381) . Il337l) with dSll), we rewrite the equality f i/ = S„fo/ as Fi/ = Bx^a^of, f G Weomp(2^\ ^) <^ C^. Taking 
the closures and applying Corollarv l3.12r i) one completes the proof. □ 

Remark 5.3. Note that the matrix (|5.5p has negative off-diagonal entries, although, in the classical theory of 
Jacobi operators, off-diagonal entries are assumed to be positive. But it is known (see, for instance, \71^ ) that the 
(minimal) operator Bx,a is unitarily equivalent to the minimal Jacobi operator associated with the matrix 



( 



B'x,a ■- 



V 



l^(rfl) 










dl'^d\'^ 

ai 



v{d2 






iy(d2) 
y{d2) 
jAd^^ 









d: 



3/2 ,1/2 



02 
d3 



\ 



(5.9) 



In the sequel we will identify the operators Bx.a o,nd B'^ ^ when investigating those spectral properties of the 
operator Hx,a, which are invariant under unitary transformations. 



5.1.1 Self-adjointness 

1. Boundary triplets approach. First we study self-adjointness of GS-realizations Dx.a using the parametriza- 
tion by means of the Jacobi matrices Bx,a 

Combining Corollary 13. 12f ii) with Propositions 15 . 21 we arrive at the following statement. 

^Usually we will identify the Jacobi matrix with (closed) minimal symmetric operator associated with it. Namely, we denote by 
Bx,a the Jacobi matrix 1 15.511 as well as the minimal closed symmetric operator 115.71 1. 
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Proposition 5.4. The GS-operator Dx.a has equal deficiency indices and n^{Dx.a) = n-(-Dx.a) < 1- Moreover, 
Ti±{Dx,a) — T^±{Bx.a), where Bx,a is the minimal Jacobi operator associated with the Jacobi matrix (jS.Sp . In 
particular, Dx.a is self-adjoint if and only if Bx,a is. 

Using Carleman's criterium of self-adjointness of Jacobi matrices (see e.g. [I] [TUl UHl SI] ) , we obtain sufficient 
conditions for the operator Dx,a to be self-adjoint in L^(X, C^). 

Proposition 5.5. Let I be an infinite interval, i.e. either X — M-|- or I = M. Then the GS-realization Dx,a is 
self-adjoint for any sequence a — {a„}5^]^ C M U oo. 

Proof. Let B'^ ^ be the minimal Jacobi operator of the form (|5.9p . By Carleman's test (see [T] , [TUl Chapter 
VII. 1.2]), -B^.Q is self-adjoint provided that 



E {dl + d^d]!:,) \h + ^--X + v/i^^ = ^- (5-10) 



n=l 



Since dn K dn -\- dj djj^ ^ < |d„ -I- ^dn+i, the series in the left-hand side of (|5.10|) diverges only simultaneously 
with the series 



E <\ 1 + 7^ = 7 E VTT^. (5.11) 



V c 
n— 1 V n— 1 



The later series diverges if and only if dn = -\-oo, i.e. if and only if the interval I is infinite. Thus, the 

minimal Jacobi operator Bx^a is self-adjoint whenever the interval I is infinite. It remains to apply Proposition 
EH ' □ 



Remark 5.6. Note that the condition X^^i dn = +oo is equivalent to the following one 



Y^d,Jdl + ^ = +^. (5.12) 



n = l 

The formal (non-relativistic) limit in ()5.12p as c oo leads to the condition ~ -l-c», coinciding with 

that of 144\ Proposition 5.7]. The latter guaranties the self-adjointness of the Schrddinger operator with point 
interactions. 

Next we present sufficient conditions for GS-operators Dx.a on a finite interval to be self-adjoint. 
Proposition 5.7. Assume that \T\ < oo. Then the GS-realization Dx.a in L^(I, C^) is selfadjoint provided that 

yjdndn+l \an\ = +0O ■ (5.13) 

riGN 

Proof. By Proposition 15. 4[ it suffices to show that the minimal Jacobi operator B'^ ^ associated with the Jacobi 
matrix (|5.9p is selfadjoint. By the Dennis- Wall test (see [T], Problem 2, p. 25), Bx,a is self-adjoint whenever 

The condition \I\ < cxd is equivalent to dn < -l-c». The latter implies ^{dn) ~ cd„. Hence ^ ~ c^^ ^y^- 

Taking these relations into account and noting that 



2E a/ dn+l \/ dn+2 < E('^"+l +'^"+2) < +00, 



new nSN 

one concludes that the series (I5.13P and (|5.14p diverge only simultaneously. □ 
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Example 5.8. Let T := (0,1) and let the sequence X = {xn}'^=i C (0,1) he given by x„ = 1 — 1/2", so that 
dn = 1/2". Let also a — {an}i° be given by an = (—3)2" + 1, n € N. By Proposition \5.7\ the GS-operator Dx.a 
on L^(0, 1) (8" is seljadjoint since the series X^j^i Q^n/2"' diverges. 
On the other hand, it is easily seen that 

1 °° \ \ °° \ \ 

{dnir e ^^(N) , dn-idn+i ^ ^ ^ dl and '^dn+ian + — + - XI ^5;r+T o- 



71=1 



Therefore, by (44^ Proposition 5.9], the corresponding Schrddinger operator Hx,a on L^{0, 1) is not self-adjoint: it 
is symmetric with the deficiency indices n±{Hx,a) = 1- 

2. The classical approach. Now we show, by a direct proof, that in the case I — X — {xk]kei, oi — {ak}k£i. 
and (3 = {(ik}kez, (see Remark [^^T i)) the Gesztesy-Seba operators are always self-adjoint. This proof can readily 
be extended for other realizations as well as for Dirac operators Dx.a{Q) with unbounded potential matrix Q. 

Theorem 5.9. Let Dx,a and Dx,i3 be GS -realizations of the Dirac operator in L'^{I, C^). Then: 
(i) The operator D*^ ^ := {Dx,a)* adjoint to the symmetric operator Dx,a is given by 



D*x.,,=D\dom{D*xJ, 
dom{D*xJ ={/ e W'^\I\X) ® C2 : A e W^^^I), A € AG^odAX); 

/2(a+) =0, /2(x„+) - /2(x„-) - -!^/i(x„), n G n|. 

c J 



(5.15) 



Similarly, the operator D*-^ ^ adjoint to Dx.p is given by the expression ()5.2p with W^^'^-^p{T\X) replaced by 
W^'^I\X). 

(a) If \I\ — oo (i.e. either T = M-t orX = Rj then both Dx.a and Dx.p are selfadjoint, i.e. 

D*x,a^Dx^a and D\p = Dx,p. (5.16) 

Proof, (i) Denote the right hand side of ((5?T5l) by W^^'^{I\X). Then for any / e Wl''^{I\X) integrating by parts 
one arrives at the identity 

{D*x^„ /, if) = (/, Dx,a v), = {^^^ e dom{Dx,a), (5.17) 

proving the inclusion W^^'^{I\X) C dom{D*xJ. 

Let us prove the converse inclusion. Since Dx C Dx.a and Dx is symmetric, one has 

dom(i:>;f „) C dom{D*x) = W^'^{I\X) «) = W^'^[xn-i, Xn] <E) C^. (5.18) 

riGN 

Let / — (■^^) e dom(£'3fQ)- Then, by definition, (|5.17p holds. According to the "regularity property" (15.18^ 
we can integrate by parts in (j5.17p over any interval [a;„_i,a;„], n e N. Substitute in (I5.17P vector functions ip 
supported on a small neighborhood {xj — e, Xj + e) of Xj and integrating by parts we get 



[f2iXj+) - f2{Xj-) + iajC fi{Xj+)]ipi{Xj) + [fl{Xj+) - fi{Xj-)]Lp2{Xj-) = 0. 

Since Lpi{xj) and Lp2{xj — ) are arbitrary, the latter equality holds if and only if fi{xj+) — fi{xj — ) and f2ixj+) — 
f2(xj—) = —iajC^^fi(xj). Since j e N is arbitrary, / satisfies boundary conditions in (j5.15p and AoTn{D%^ ^) C 
Wl^'^ {X\X) . Noting that the opposite inclusion is already proved, we arrive at (|5.15p . 

(ii) For definiteness we assume that I = M. It suffices to show that f^.a is symmetric. Let / = (-1^), g = (^^) G 
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Choosing a,b £ M\X, a < b, such that Xp_i < a < Xp < Xpj^-i < ... < Xq < h < Xq^i and integrating by parts 
we get 



D\J{x)g{x)dx- I f{x)D*^^g{x)dx 

cb , 



f2{x)gi{x) + f[{x)g2{x) 
---ic \f2{x)gi{x) + fi{x)g2{x) 

L J a 

X! \j'2'{^)9i{x) + fi{x)g2{x 



dx 



b , 



— IC 
Xh- 

Xh-1 + 



fi{x)g'2{x) + f2{x)g'2{x) 

b 

x„ + 



dx 



f2{x)gi{x) + fi{x)g2{x) 



(5.19) 



ic [/2(a)5i(a) + /i(a)g2(a)] - ic [/2(%i(&) + /i(&).g2(6) 

9 q 

''C ^ [f2{xk+) - .f2{xk-)] gi{xk) + *c ^ fi{xk) g2{xk+) - g2{xk-) 



k—p 



k—p 



^ic [/2(a)5i(a) + /i(a)<?2(a)] - ic [/2 (%i (6) + /i (6)52(6) . 
Since fj,gj G i^(M), j e {1,2}, there exist (non unique) sequences {a„},{6„} C M such that a„ — —00, bn — > 00 

hm {|/i(a„)| + |/2(a„)| + |<?i(a„)| + |52(a„)l} = (5.20) 



as 71 —> 00 and 
and 



Um {|/i(5„)| + |/2(6„)| + \gi{bn)\ + \92{bn)\} = 0. 



(5.21) 



Without loss of generahty, we can assume that {a„}, {6„} C M.\X since (|5.20p and (|5.2ip remain vahd with {a„±e„} 
and {bn ± £n} in place of {a„} and {bn}, respectively, provided that e„, n S N, are small enough. 
According to (|5.19p 



b„ 



6,1 



D*x,afix)g{x)dx- / f{x)D*x g{x)dx 



I c 



f2{bn)gi{bn) + h{bn)g2{bn) 



= ic /2(an)ffi(an) + /i(a«)ff2(an) 
Passing here to the limit as n — > 00 with account of relations (|5.20p . (|5.21l) we arrive at the identity 

{D'kc. f; a) - (/, DX^^o. 9), f;g^ AoMDxJ. 



(5.22) 



(5.23) 



showing that D*^ ^ is symmetric, D\ ^ C D*^^ — Dx,a- Since Dx,a is also symmetric, one has Dx.a — D*^ ^. 
The case of GS realizations Dx,i3 is considered in much the same way. □ 

Remark 5.10. 

(i) In the case d^{X) > this result is stated in 130] (see also IH Appendix J ]). 

(ii) The proof of Theorem \ 5.9\ remains valid for general Dirac operators with arbitrary potential matrix Q G 
iL(K)®C2x2, 



d 

DxAQ) -.^ -ic—(g>ai + — (E>(J3 + Q{x), Q{x) = g(x)*, 
dx 2 



(5.24) 



subject to GS-boundary conditions (|5.1|) . (|5.2p . 

Moreover, the GS-boundary conditions (15. ip and (j5.2p can be replaced by certain other boundary conditions. For 
instance, Theorem \5.9\ as well as its proof remains valid for operators Dx,-^ (Q) generated by differential expression 
(j5.24p subject to the boundary conditions 



fi{xj+) = cos(7j) fiixj-) - isin(7j) f2{xj~-), 
f2{xj+) = cos(7j) f2{xj-) - i sin(7j) fi{xj~) , 



(5.25) 
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with jj G M, J G Z. Note that realizations Dx^-y have been studied in numerous papers under the assumption 
d^{X) > (see for instance J3^, JSlf . [7|/ JJ?y , as well Appendix J ] and the references therein). 

Our proof of Theorem \5.9\ generalizes the known proof of selfadjointness in L^(R) ® of the Dirac operator 
D{Q) with a continuous potential matrix Q (see 152, Chapter 8]). 

Next we complete Proposition 15 . 71 providing sufficient conditions for GS realization Dx,a on a finite interval X 
to have non-trivial deficiency indices n±{Dx,a) = 1- 

Theorem 5.11. Let \T\ < +oo and let Dx,a be the GS realization of the Dirac expression on I. Then Dx.a is 
symmetric with n±{Dx,a) — 1 provided that 

oo n—l , ^ ^ 2 

^^rfnH + <+o°- (5-26) 

n=2 fc=l \ ^ ' 

Proof. We examine the operator 

since obviously n±{Dx,a) — n±{Tx,a)- It suffices to show that under the assumption (j5.26l) the equation (TJ ^ + 
i)f = has a non-trivial L^{I, C^)-solution. The equation is equivalent to the system cf[ = f2 and c/2 = /i which 
has the following piecewise smooth solutions 

00 

00 

/2-0/2,„, /2,„(x) = a„e-(-"--)/= - 6„e(-"-^)/% a; G [a;„-i, x„] . (5.28) 

Let us find sequences {an}f C C, {bn}^ C C such that / G dom(T|- ^) = dom(£>3f „). According to the description 
of dom{Dx a) (see Theorem I5.9f i)) (^^) should satisfy boundary conditions (|5.15l) . The condition /2(a;o+) = 
yields aie"'^^/" — feie'^^/^ = 0. Further, the condition 

fl.ni^n + ) = fl,n{Xn-), HGN, 

is transformed into 

a„+ie-'^"+i/= + &„+ie'^"+i/^ = a„-l-6„, n G N. (5.29) 

Moreover, the jump condition 

f2,n{Xn + ) - f2,n{Xn-) = -i — fl,n{Xn), n G N, 

C 

is equivalent to 

a„+le-''"+l/=-6„+le'^"+l/^-(a„-6„) = ~^ — (a„ + 6„), ^GN. (5.30) 

c 

Clearly, relations (|5.29p and (|5.30p are equivalent to the following recursive equations 

fln+i = (a„ - j 1^ (a„ -I- 6„) e''"+l/^ n G N, 

bn+i = (fo„ + » ^ {an + bn) c"""^'/^ , n G N, (5.31) 
for sequences {a„}J° and {bn}f' with the following initial data 

ai = e'^i/" and 61 = 6^'*^/'= . 
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It remains to check that under condition (|5.26p the inclusion /i, /2 G L'^{I) holds. It follows from (|5.28p that 

oo 

= c E - e^''"^') + - 1)) > fee {1, 2} . 



Since Yl^=i — \1\ < +oo, d„ — > and therefore (1 — e 2<i,i/c^ ^ ^g2<i„/c _ ^ 2(i„/c as n ^ oo. This implies 
inequality ||/fc||2 < +oo whenever 

oo 

{\an\^ + K\^) dn < +^ ■ (5.32) 

Tl=l 

Let us prove by induction the following estimates 

|a„+i|, |6„+i| < exp (^^l±i_±^^ . g (^1 + , , g N. (5.33) 

For n — I these estimates are obvious. Assume that inequalities (j5.33l) are proved for n < m — 1. Then for 
n = m we obtain from (I5.3ip and (|5.33p that 



<n 

fe=i ^ 



^ la,, 



2c / 2c 



di + . . . + dm + dm+1 

exp ■ 



f di + ...+ d.m+i \ TT A , 1"^*; 

^^p z Ml 1 



k=l 



c 



This inequality proves the inductive hypothesis (I5.33P for a„. The estimate for bm+i is proved similarly. Thus, 
both inequalities (|5.33p are established. Combining (|5.32p with (I5.33P and the assumption (|5.26p we conclude that 
/i 1 /2 G L'^ {I) ■ This completes the proof. □ 

Next we extract from Theorem 1 5 . 11 1 certain simple sufficient conditions for the equality n±[Dx.a) = 1 to hold. 
First we present such conditions involving a and not depending on X = 

Corollary 5.12. The GS realization Dx,a on a finite interval X is symmetric with n±{Dx,a) — 1 whenever 
a = {a jr e /HN). 

Proof. Clearly, for any positive sequence {pfc}^ 



k=l \k=l I 

It follows with account of the inclusion a E 1^{H) that 

E n ( 1 + - ) ^ exp - E i^fci E ^ 1^1 '^^p c ^ 

n=2 k=l ^ ^ V k=l I n=2 \ fc=l 



OLk\ 



It remains to apply Theorem 15. Ill □ 

Our next test involves both X and a. 
Corollary 5.13. Let |Z| < +oo. Then the GS realization Dx.a is symmetric with n±{Dx.a) = 1 whenever 

linisup ^ fl + ^y < 1. (5.34) 

In particular, n±{Dx,a) = 1 provided that one of the following conditions is satisfied 
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(i) limsup„_j.oo((i„_|_i/(i„) — and the sequence a — {an}^" is bounded; 
(a) linisup„_j.o2((i„+i/d„) =: (l/d) with d> 1 and sup^gpj a„ < c{^/d— 1). 

Proof. By the ratio test condition (|5.34l) yields the convergence of the series (I5.26p . It remains to apply Theorem 

Em □ 

Remark 5.14. Note that the condition limsup„_j.Q^((i„+i/d„) < 1 is always satisfied whenever the interval X is 
finite. Indeed, it is implied by the convergence of the series X^i^Li "^n — l-^l < +oo. 
The following cases are more complicated and require more detailed analysis: 

(i) limsup„__j.oQ((i„+i/(i„) — and the sequence {a„}^ is unbounded; 

(a) limsup„^^(d„+i/d„) = 1 although lim„_^oo = 0, 
We discuss the case (i) in the following example. 

Example 5.15. 

(i) Let \otn\ ^ a^/n^ , s > 0, and ao > 0. Then, by Corollary \5.12\ n±{Dx,a) — 1 for any X — {xn\'i' whenever 

s > 1. ' 

Next let X = {xn}T with Xn = I - d> I, neN. Then, by Corollary\5lM n±{Dx,a) = 1 for s £ (0, 1] 

and any ao € as well as for s = whenever ao < c{\/d — 1). 

(m) Let X — with Xn — ^ ~ |a„| ^ aon" , ti G N, s G K. Then, by Corollaru \5.13[ n±{Dx.a) — 1 for 

any ao whenever s < 1/2, and for ao < c whenever s = 1/2. 

On the other hand, if an > {n — 1)!, then, by Proposition \5.7\ the operator Dx.a is self-adjoint. 

Remark 5.16. Comparing Proposition \ 5. 7| with Theorem \5.11\ one might say that very roughly speaking Dx,a is 
self-adjoint on a finite interval whenever the sequence {cknli" grows faster than the sequence {rfnli" decays. 

5.1.2 Continuous spectrum and resolvent comparability 

Proposition 5.17. Let Dx be the Cesztesy-Seba realization of Dirac operator on the half-line R+ given by 
([5?T|) with a^'''> := {a^n ''}neN{C M), k G {1,2}. Let also S^.^o.) be the Jacobi operator defined on H ^ (g) 
by the matrix (|5.5p with a^*^^ in place of a. Then Dx,a(k) = D*^^^^^, k G {1,2}, and for any p G (0, oo] the 
inclusion 

{DxMr^ - ~ {Dx,o.i-) - z)-^ e 6p(^), z G n p(Z?x,a(^)) (5.35) 

is equivalent to the inclusion 

iBx,air, - - {Bx,o.i-) " C)"' e <Sp{n), C G p(Sxa(i)) n p(Sx,„(2)). (5.36) 

Proof. Consider the boundary triplet 11 = {'H,ro,ri} defined in Theorem 13.101 Then, by Proposition 15.21 
Hx^aW — (fe) where Bx^aWi k G {1, 2}, is the corresponding Jacobi operator. Since I = R_|_, both operators 

■^x ^'^d Bx ^ € {1,2}, are selfadjoint, by Proposition 15.51 Therefore the resolvents {Dx aW ~ ^)^^ ^'^d 
{Bxa(k) — C)~^i S {1;2}, are well defined for any z,C G C+ and relations (|5.35p and (|5.36p have sense. One 
completes the proof by applying Proposition 12 .6f i) . □ 

Corollary 5.18. Assume the conditions of Proposition [3. _? 7| Assume, in addition, that either 

" " e?^(N), pG(0,oo) or Gco(N). (5.37) 

I ^"+1 J„=i I ^"+1 J„=i 

Then the inclusion (j5.35p holds with p G (0,cxi) and p — oo, respectively. 

Proof Let Bx^aW^ k G {1,2}, be the Jacobi operator given by (|5.5p . Clearly, IqC^) ® C dom(i?^_^(i) ) n 
dom{B X ai.^}) ■ It follows from representation (|5.8p for Bx.a and formula p. 571) for i?„ that 

°° / \ 

BxM^^f-Bx,c.i^)f^Rx\B^a^-B^,.,)Rx'f^^[ pX^)-^) /, / G ^^(N). 

n=l \ dn+l j 
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Due to the assumption (I5.37P the operator Bx^aW — Bx^ai^) admits the closure and Bx,aW — Bx a(2) € &p{'H) C 
[H]. Hence dom{Bx aw) — dom{Bx ai^}) and, by Proposition I2.6r ii). the inclusion (15.36^ holds. It remains to 
apply Proposition [OTl □ 

Next we slightly generalize CoroUarv lS. 181 allowing one of the sequences a^'^-' — {al'^''}„gN to take infinite values. 
Moreover, in the case > we can drop dependence on ci„ in (|5.37p . 

To state the result we set (i + oo)"-'^ :— 0. 

Corollary 5.19. Let a^^^ = {a^n^T C M and a^^) = {al^^jf C KU {oo}. Then 
(i) The inclusion 

— 1 — 1 ^ 

(aWM.+1-i) - (ai2)/d„+i-i) eP(N), pe(0,oo), (e co(N), for p - oo), (5.38) 

J n— 1 

yields the inclusion ()5.35p . 

(m) // in addition < d^,{X) < d*{X) < oo, then (|5.35p is equivalent to the inclusion 

f(««-i)-i-(ai2)_i)-i|°° eP(N), pe(0,oo), (eco(N), z/ p = oo). (5.39) 

Moreover, j/{ai^'}^^i £ 1°°{N), j G {1,2}, t/ien ([OO)) is equivalent to the inclusion {ai^^ - ai^^jjf^i G ^^(N) 
(resp. co(N)). 

The proof is similar to that of Corollary 15. 181 and is omitted. 

To state the next result we recall the definition of the essential spectrum. 

Definition 5.20. It is said that Xq = Aq belongs to the essential spectrum of the operator T = T* E C{S)) {in short 
Xq e acss{T)) if there exists a bounded non-compact sequence fn & ^, n G N, such that 

(T-Ao)/„^0 as n^oo. (5.40) 

In the following theorem we investigate continuous and absolutely continuous spectra of GS-realizations com- 
paring them with the Neumann realization of the Dirac expression given by 

Dn = D\ dom(I?jv), dom(Z?Ar) = {/ = G W^'\R+) <E) : f2{xo+) = 0}. (5.41) 

We also investigate singular spectrum of GS-realizations. 

Theorem 5.21. Let X = {a;n}i^Li(c IR+), a = {Q!n}i° C M and let Dx.a be the corresponding Gesztesy-Seba 
operator on the half-line M+. Then the following holds: 

(i) If {an/dn+i}f £ Co(N), i.e. lim„^oo = 0, then 

<Jcss{Dx,c.) =- <Jcss{Dn) - K \ (-cV2, cV2), (5.42) 

(ii) Assume that {an/dn+iyf S ^""^(N), i.e. X^nGN I'^n/'^n+il < Then the ac-part -D^q of Dx.a "is unitarily 
equivalent to the Neumann realization D^. In particular, 

fTac(i?X,a) -fTac(i?iv) =R\(-cV2,cV2). (5.43) 

(Hi) Assume that 

limsup-p^ = oo. (5.44) 

Then the GS-operator Dx,a 'is purely singular, i.e. 

<Jac{Dx,a) = 0. (5.45) 
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(iv) Assume in addition that d^{X) > 0. Then the above assumptions on the sequence {a„/c?„+i}^ in (i), (ii), 
and (|5.44p can be replaced by 

{an)T G co(N), {an}T G ^^N) and limsup |a„| = oo, 

n— f oo 

Proof, (i) We choose a*-^' := = {0}^" to be a zero sequence and set a^^-* :~ a — {a„}^. It is easily seen that 
a(^> — Dx,o coincides with the Neumann reahzation given by (j5.4ip . Moreover, noting that = -D6+,o 
with h — (see formula p.20p ). Lemma IH^T ii) yields CTcss(-D7v) = IR\ (— c^/2, c^/2). On the other hand, due to the 
assumption on {un/dn+i}'^ ^ the above sequences a*^^) and a^^-* satisfy the second condition in (j5.37p . hence, by 
CorollaryEH {Dx,a - i)"^ - {Dn - i)"^ e 6oo(^). By the Weyl theorem (see [BS, Corollary XIII.4.1]), the later 
inclusion implies (Toss(-C'x,q) = o'oss(-C'w) = K \ (— c^/2). 

(ii) Now, by Corollarv rS.lSi the condition {an/dn+i}T ^ ^^(N) implies (Dx^a-i)^^ - (-Dw -«)"^ = (Dx.aW - 
- (-Djf,a(2) - iY^ e 6i(^)- By the Kato-Rosenblum theorem (see gU Chapter 10.4], 66, Theorem XI. 9]), 

the ac-part i'xa ^'^ Dx.a is unitarily equivalent to — Dx- It remains to apply Lemma [3.3( 11) and note that 
Dx = Db+,0 with 6 = 0. 

(iii) According to (j5.44p there exists a subsequence {q;„j.} such that 



lim = oo. (5.46) 

n^oo d„^ 

Set 

J a„, n {uk}, 
oo, n e {nfcj. 



(5.47) 



and a :— {an}f^- Without loss of generality we assume that the subsequence {an^,}^^i satisfies 

oo 

^d„,+i|a„J-i < oo, (5.48) 

k=l 

i.e. {dn^+ia~^}kei'i G Z^(N). Otherwise we replace {an^}keN by its appropriate subsequence. It follows that 

oo oo 

J2 IKd^ii - i)-' - {and-l, - = IK.^n.'+i - ^y'\ < OO. (5.49) 

n=l n— 1 

By Corollary 15.19( 1). this relation yields 

{Dx^c. - - (^x,5 - e 6i(io). (5.50) 

According to Remark 15.11 (see formula (|5.3p ) it follows from ()5.47p ) that the operator Dx,5 admits the following 
orthogonal decomposition 



^x,5-0i?n„ L\R+,C^)=^Lmxn,_,,x„J,C^), (5.51) 
fc=l fe=l 

where 

i?„, = D r dom(A.J, dom(i?„J = {/ e W''' {[x,,x,+i],C') : /i(x,+) = fiix,~), 

i=nfc-l 

/2(a;j+) - f2{xj-) = -ic"^aj/i(xj), G X n (a;„,_i , a;„ J, /i(x„,_J = /i(a;„J = oj. 

Clearly, Z?„j. is a selfadjoint extension of the minimal operator D'^^ := I?„j.,min given by 

D'^^=D\dom{D'^J, 

dom(Z?;j = {/ e W^'\[xn,_„XnJ,C^) : /(a;^) = 0, x, e X n [Xn,_„ Xn,]] ■ 
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Clearly, the operator D'^^ admits a self-adjoint extension ^"^„^ j^_|_i^nj,o with discrete spectrum (see Lemma 
3.1(ii)) where D^. q is given by p. 91) . Since I?^^ is a symmetric operator with finite deficiency indices, each its 
self-adjoint extension has also discrete spectrmTL. In particular, D^^. , fc G N, has discrete spectrum. 

Therefore due to the representation (|5.5ip the spectrum of the operator Dx^s is purely point, in particular 
<^ac{Dx,s) = 0. On the other hand, it follows from (|5.50p and the Kato-Rosenblum theorem that the ac-parts -DJf ^ 
and D'^ ~ of the operators Dx,a and Dx^s are unitarily equivalent. In particular, andDx.a) = <yac{Dx,a) = 0- 

(iv) This statement is immediate from the previous ones. □ 

Next we extend Theorem 15.211 to the case of GS'-realizations of the Dirac expression D{Q) with a bounded 
potential matrix Q £ L°°{I) ® C^^^. Namely, consider differential expression 

d c2 

D{Q):=D^{Q):=-ic—®ai + -®a:i + Q{x), Q{x) ^ Q{x)* , (5.52) 
ax 2 

and denote by Dx{Q) ■= D'j^iQ) the minimal operator associated on I \ X with the expression D'^{Q). As in 
([X^ one has 

OO 

Dx{Q)^D{Q) \dom{Dx{Q)), dom{Dx{Q)) ^ W^'^I\ X,C^) ^ ^W^'^[xn-i,Xn],C^) ■ (5.53) 

n=l 

Further, let Dx.a{Q) ■— Dx,a -I- Q be the GS realization of D{Q). If a := = {0}^^ is a zero sequence we set 
Dn{Q) '■— Dx,o{Q) and note that Dx{Q), the Neumann realization of D{Q), is given by the expression (|5.52p on 
the domain (|5.4ip . i.e. 

Dn{Q) - D{Q) \ dom(DAr(Q)), dom(i?Ar(Q)) = dom(D^v) - {/ G W^^\R+) ® : h{xa+) = 0}. 

Proposition 5.22. Assume that Q e L°°(R+) » C^^^^^ Q(2;) ^ Q*(^x) for a.e. x G IR+, and a ^ {anjf C M. 
Then the following holds 

(i) //{a„/d„+i}r e co(N), then 

<Jess{DxAQ)) = '^cssiDxiQ)). (5.54) 

Moreover, if in addition, Q{x) as x ~^ oo, then 

aess{DxAQ)) = <yess{DNiQ)) ^R\i~cy2,cy2). (5.55) 
(m) //{a„/d„+i}r e/HN), then 

<y.c{DxAQ)) ^<^ac{DN{Q)). (5.56) 
Moreover, if additionally, Q € L-^(IR+) (8)C^^^, i/ien 

aac(i?X,a(Q)) = f7ac(i?Ar(Q)) = M \ (-cV2, cV2). (5.57) 

(mi) // condition (|5.44p is satisfied, then the spectrum of Dx,a{Q) is purely singular, i.e. 

fTac(i?X,a(0)) =0. (5.58) 

{iv) Assume in addition that d^,{X) > 0. Then the above assumptions can be replaced by 
{a„}f e co(N), {a„}r'S^^(N) and limsup |a„| = oo, 

n— f oo 

respectively. 

Proof, (i)-(ii)- Let 11 = {7^,ro,ri} be a boundary triplet for the operator Dx defined in Theorem 13.101 Since 
Q = Q* £ i°°(M_|_) (gjC^'^^, n is also the boundary triplet for the operator Dx{Q)*. Moreover, due to the inclusion 
Q S L°°(R+) (g) C^^^, one has dom{Dx,aiQ)) = dom{Dx,a)- Therefore the boundary operator for the extension 
Dx,a{Q) of Dx{Q) coincides with the boundary operator for the extension Dx.a of Dx. Thus, by Proposition [521 



dom{DxAQ)) = dom{Dx,a) = {./ e W^^^ (M+ \ X, C^) : T,f = S^.^Lo/}, (5.59) 
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where Bx.a is the Jacobi operator given by (jS.Sp . Therefore due to Proposition [2?6l[i) inchision (j5.35p is equivalent 
to the inclusion 

{DxM'){Q)~ir^ -{DxM-^){Q)-ir^ ^&pm. pe(0,oo]. (5.60) 

We compare the realizations Dx.a{Q) and Dx,o{Q) = Dn{Q) using the inclusion (j5.60p with a'^-' = a and 
q;(^) = = {0}^. Namely, the inclusion (|5.60l) with p = oo yields (|5.54p by applying the Weyl theorem 
Corollary XIII.4.1]). Similarly, the inclusion (I5.60p with p — 1 yields equality (I5.56|) by applying the Kato- 
Rosenblum theorem ([H], [BSl Theorem XI.9]). 

It is well known that aess{DN{Q)) — (^css{Dn) = K \ (— c^/2,c^/2) provided that Q{x) as x — )■ oo. 
Combining this relation with (j5.54p we arrive at (|5.55p . 

Further, according to 152] Theorem 9.1.1], crac(£'Af(Q)) = (Jcss{DNiQ)) = M \ {-c^/2,c^/2) whenever Q e 
Li(M+) (8) C2^2^ Combining this fact with (1535)) we arrive at ((537)) . 

(iii) As in the proof of Theorem 15.211 (iii) we define a sequence a := {an}i° by formula ()5.47p and find a 
subsequence {S„^}^]^ satisfying ()5.48p . Alongside (I5.59P we have the following representation of the domain 

doui{Dx,s{Q))^ 

domiDxMQ)) = <iom{Dx,s) = {/ G W'' (R+ \ X, C^) : {Fi/, Tq/} G Qx.s}, (5.61) 

where the boundary relation Qx,a corresponding to Dx,a{Q) does not depend on Q. As it is shown in the proof of 
Theorem 15 . 2 iT iii) conditions ()5.44p yields the inclusion (|5.50p . In turn, combining relations ()5.59p and (|5.6ip with 
Proposition 12 . 6f i) we get that the inclusion (I5.50p yields (in fact, is equivalent to) the inclusion 

{DxAQ) - *)~' - (^xs(Q) - e 6i(-ro). (5.62) 

The rest of the proof coincides with the proof of Theorem 15. 21f iii). □ 

Remark 5.23. In the case of Q ^ an explicit description of acss{DN{Q)) and <Tac{DN{Q)) is known also for 
some non-decaying potentials. For instance, if Q is periodic, Q{x + r) = Q(a;), x G R, then the essential spectrum 
of the operator D{Q) in L^(R, C^) is absolutely continuous and has zone-band structure. This fact allows one to 
complete the statement (ii) for periodic Q. 

Remark 5.24. Note that analogs of the main results of this section are known for Schrddinger operators Hx,a with 
5 -interactions. For instance, in the case d*(X) > 0, the resolvent comparability criterion for Schrddinger operators 
Hx,a (i-e. analogs of Corollaries \5.19\ and \5.lS\) was obtained in \43^ (see also \59^). Moreover, the statements 
similar to Theorem \5.2lY iv) and Provosition \5.2^ iv) have also been obtained for operators Hx,a in \ 6(J i/ and 
14^ - These authors have also applied boundary triplets technique to the operator with d*(X) > 0. Other results 
on absolutely continuous and singular spectrum of Hx,a in the case d»(X) > can be found in W8\/ . 

In the case c?*(X) = Schrddinger operators Hx.a were treated in detail in JJ^ where one can find analogs of 
Proposition \5.17[ Corollarv \5.18\ and Theorem \5.2lY i)-fii). 

Note also that the proof of Theorem \5.2lY iii) is similar to that presented in J 6 81 \ 60i/ . However the idea of the 
proof goes back to the paper ]7(f] where it is applied to 1-D Schrddinger operators with L\^^{^+) -potentials. In 
connection with Theorem \5.2lY iii) we mention also a recent interesting paper \53f^ . In particular, it is shown in 
J55]j that the Schrddinger operator with point interactions on a sparse set has purely point continuous spectrum. 

Remark 5.25. Another proof of Theorem \5.2lY iii) can also be extracted from \56\ Theorem 1.1]. It is based on 
an explicit block-diagonal form M{-) — ®^]^ Af„(-) of the Weyl function M(-). 

5.1.3 Discrete spectrum 

Here we investigate the discreteness property of proper extensions of the minimal Dirac operator Dx{Q) defined 
by ()5.53p and associated in jo = L^(R_|_) (g) with the differential expression ()5.52l) on M+ \ AT. In particular, we 
show that in the case (A) > there are no proper extensions with discrete spectrum. 

First we investigate the discreteness property for the minimal Dirac operator Dx '■= -Dx(O) with zero potential 
Q = 0. 

Theorem 5.26. Let X = {a;„}5"(C M+) and let 11 = {%, Fq, Fi} be the boundary triplet for defined in Theorem 
[3Jd\ and let 9 G C{n) with p{Q) ^ 0. Then: 
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(i) Dx has compact inverse (Dx) ^{(z [Tan(Dx), ^]) if and only i/ lim„_>.+oo dn — 0. 

(ii) A proper extension Dx = Dx.s of Dx has discrete spectrum if and only if lim„_>.+oo dn — and Q G C('H) 
has discrete spectrum. 

Proof, (i) Sufficiency. Let lim„_>.+oo d„ = 0. According to the construction, the boundary triplet 11 = {HjTqjTi} 
for D*j^ is the direct sum, H = 0;^^^ n„ (see Theorem inUHl formulae (IXSij) . (jXsa ) and 

OO 

Ao := D*x r kerTo = A„,o, ^n^o = i?n,o t ker(r[,")). (5.63) 
Combining (j5.63l) with Lemma l3.1f ii) we get 

oo oo 

a{Ao) = U a(A.,o) = IJ {A±,} (5.64) 

n=l n,j — l 

where for any fixed n 

It follows that any non-zero (finite or infinite) accumulation point of the sequence {rfnj^i generates countably 
many accumulation points for the sequence {A^j}„jgN- Thus, the spectrum a{Ao) is discrete, i.e. A^^ e 6oo(-^o) 
if and only if lim„_j._|_oo dn = 0. In particular, the later condition yields compactness of (Dx)~^ = A^^ \ ran(_Dx)- 
Necessity. Assume that d„ does not converge to zero, so that we can find a subsequence {dnk}kLi and e > 
such that dn^ ^ e > 0, k eN. Choose a function = (;^) e Wg''^{R+,C^) such that 

1, e/4 a; s$ 3£/4, 

0, xi[0,e], 

and put 

(fkix) := ip{x - Xn^), keN. 
Clearly, (pk G dom(£'x). A: e N. Moreover, there exist constants Ci and C2 such that 

\\'Pk\\mR+)^Ci and \\Dx(pk\\L^{R^^c'') < C2, ke'N. (5.66) 

Since the functions (pk have disjoint supports, the sequence {vfe}i° is not compact in L'^{M.^) (E) C^. Therefore it 
follows from (|5.66p that the operator {Dx)~^ is not compact. 

(ii) Let the spectrum a{Dx,e) of Dx.e be discrete, i.e. p{Dx,e) 7^ and {Dx,e — ^)^^ G ©oo(-^) for z € 
p{Dx.e). Then z € p(Dx) and the operator 

{Dx - z)-^ = (2?jf,e - z)-^ \ ran (i?x - z) 

is also compact. By (i) lim„^4-oo dn = 0. Therefore it follows from (j5.65p and (j5.64p (and was already mentioned) 
that the spectrum cr(Ao) is discrete. Since both operators Dx,q and Aq have compact resolvents, it follows from 
Proposition 12. Gf i'l. that (0 — C,)~^ G &oo{T~L) for C, G p(6), i.e. the spectrum a{Q) of Q is discrete too. 

Conversely, let lim„_j.+oo dn = and let the spectrum a{Q) be discrete. Then, by (i), the condition lim„_>.+oo dn = 
yields discreteness of the spectrum of Ag. Finally, by Proposition 12. 6( i). {Dx,e — z)^^ E 6oo(-^) since both re- 
solvents (Aq — z)~^ and (8 — C,)~^ are compact. □ 



Corollary 5.27. Assume the conditions of Theorem \5.2b\ Let also Q{-) = Q*{-) G LfQ^(M+) (g) C^^^, ana 
Dx{Q) be a minimal Dirac operator on \ X given by (j5.53p . Assume in addition that the multiplication 
operator f — >■ Qf in L^(IR_(_,C^) is strongly subordinated to the Dirac operator D*^, i.e. dom(D*^) C dom((5) and 
there exist constants a € (0, 1), 6 > 0, such that 

(R+X2) < a||£'x./IU2(R+X2) + &||/||l2(r^_C2), < a < 1, / e dom(_D^). (5.67) 

Then: 
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(i) Dx{Q) has compact inverse {Dx{Q)) ^{(^ [ran(_Dx(Q)),-^]) if and only i/ lini„_j.+oo c^n — 0. 

(ii) A proper extension Dx{Q) = Dx,&iQ) Dx.e+Q of Dx{Q) has discrete spectrum if and only i/lim„_j.-)_oo dn — 

and 0(S C{'H)) has discrete spectrum. In particular, both statements are satisfied whenever Q{-) = Q* {■) G 
L°°(R+) ® C2><2. 

Proof, (i) Since Q is strongly subordinated to D*j^ it is also strongly subordinated to its restriction Aq := D*x \ 
ker Tq = Aq, (see (|5.63p ). The latter yields boundedness of the operator Q{AQ~i)^^ . Moreover, by the Kato-Rellich 
theorem ( |4H Theorem 5.4.3]), + Q is self- adjoint. 

Further, since Q is strongly subordinated to D*^ it is also subordinated to D*^{Q) ~ D'^ + Q (see Chapter 
4.1]), hence Q is also subordinated to Aq{Q) ~ Aq + Q, the restriction of DX^iQ), with the {Aq + (3)-boimd not 
exceeding a(l — a)^^, i.e. 

WQfWL^R+.C^) < (1 - a)-^ {a\\{Ao + Q)/|1l2(m+,c2) + b\\f\\L^R^,c'^)) , f € dom(Ao + Q). 

Since Aq + Q is self-adjoint, the latter is amount to saying that the operator Q{Ao + Q — i)^^ is bounded. Therefore 
it follows from the identity 

{Ao - t)-^ - (AoiQ) ~ i)-' - (Ao(Q) - i)-' Q {Ao - i)-' - (Aq - i)-'Q (Ao{Q) - i)-' (5.68) 

that the operators {Aq — i)^^ and (^Ao{Q) — i)^^ are compact only simultaneously. It remains to apply Theorem 

(ii) This statement is immediate from Theorem I5.26r ii) and formula (I5.68P with Aq and ^o(Q) replaced by 
Dx,0 and Dx.eiQ), respectively. □ 

Next we stand the "individual" version of Corollarv 15.271 

Corollary 5.28. Assume the conditions of Theorem \5.26\ and let Q{-) = Q*i-) € iio(.(M+) (g) C^^^. Assume in 
addition that the multiplication operator f — > Qf in L^(]R+,C^) is strongly subordinated to a realization Dx,q = 
D^Q, i.e. dom(_Dx.e) C dom((5) and the following estimate holds 

IIQ/I|l2(r^,C2) < a||£'x,e/||L2(R+x2) + &||/||l2(r^x2), < a < 1, / e dom(Dx,e)- (5.69) 

Then a proper extension Dx,q{Q) ■— Dx.& + Q of the minimal Dirac operator Dx{Q) on \ X (see (j5.53p ) has 
discrete spectrum if and only i/ lim„_i.+oo dn ~ and 0(6 C{'H)) has discrete spectrum. 

The proof is similar to that of Corollarv 15.271 and is omitted. 

Remark 5.29. 

(i) Sufficiency in Theorem 1 5. 2bV i ) can easily be proved directly. Indeed, since dom(Dx) = VKq' (M\X) (g) it 
suffices to show that the identical embedding Wq''^ {M.\X , C^) ^ L^(M, C^) is compact provided that lim„_j.oo dn — 0. 
Let f belong to the unit ball of Wq''^{M.\X). One has 



\fix)\' = \fix)-f{Xn)\' 



f'(t)dt 



^dn I \fit)fdt, xefln^ [X ]. (5.70) 



Choosing any e > we find N £ N such that dn ^ s. Therefore it follows from (|5.70p that 



E / \fit)\'dt^ <\\f'\\lHn„)^''\\f'\\U^.)^'' 



Thus the "tails" of functions f running through the unit ball of Wq''^(M.\X) are uniformly small in i^(R). It 
remains to note that the embedding W^''^[a, &] (g L'^[a, b] (g) is compact for any finite interval [a, b]. 

(ii) As it is clear from the proof. Corollary \5.21\ remains valid under weaker assumptions. Namely, condition (j5.67p 
can be replaced by the following one: Q is subordinated (in the sense of J^jj Chapter 4-^]) ^o both operators D*^ 
and D*^ + Q. 

Note also that an alternative proof of Corollary \5.27\ can be obtained as follows. Equipping doni(Z?x,e + Q) 
with the graph norm one obtains the Hilbert space ^^{Q,Q). It follows from estimate (j5.67p that the Hilbert 
spaces Sjj^{Q,Q) and :— io+(0,O) coincide algebraically and topologically (see 14 Chapter 4-1})- Thus, 

both embeddings f)+{Q,Q) ^ and ^ are compact only simultaneously. But the compactness of the 

embedding jo_|_(0, Q) ^ Sj is equivalent to the discreteness of the spectrum of Dx,e- 
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Theorem 15.261 establishes a connection between the discreteness property of extensions Dx.e{Q) of Dx{Q) 
and the same property of the corresponding boundary relations Q with respect to the boundary triplet for D'^ 
defined in Theorem l3.10l Now we are in position to investigate discreteness property for GiS-realizations D"^ q(Q) 
in terms of the corresponding distances dn and intensities a„. To this end we exploit a connection between the 
GS'-realizations and Jacobi matrices on the one hand and the known results on discreteness property of Jacobi 
matrices on the other hand. 

Proposition 5.30. Let X = {xn}T{<^ ^+), a = {a^jf C M and let Q(-) = Q*{-) e Lf^^{M.+ ) ® C^^^^ be strongly 
subordinated to the GS-realization D'^ ^ — D'^ ^(0) on M.^. Assume also that lim„_j.oo dn — and 

|a„| c 1 

lim " = oo and lim — > ~7- (5-71) 

Then the GS -operator D'j^ ^(Q) on the half-line R+ has discrete spectrum. 

Proof. First we consider the case of the Dirac operator D'j^ ^ with zero potential Q — 0. Since lim„_j.oo dn — 0, one 
has 

lim ^ = lim — . (5.72) 

an^yd'^ + l/c'^ ri^oo a„ 

By the Carleman test (see Proposition 15.51) . the Jacobi matrix B'^ ^ given by (|5.9p is self-adjoint. Therefore, by 
[161 Theorem 8] , the operator B'j^ ^ has discrete spectrum provided that lim„_>.oo d„ = and conditions (j5.71l) are 
satisfied. 

Next we consider the boundary triplet 11 — {H, Fq, Fi} for the operator D'^ constructed in Theorem 13. 101 By 
Proposition 15.21 the boundary operator corresponding to the GS-reahzation Dx.a = a is given by the Jacobi 
operator Bx,a of the form (|5.5p . (|5.8|) . Since the operators Bx,a and B'j^ ^ are unitarily equivalent (see Remark 
15. Sp . the spectrum of Bx.a is discrete too. To prove the discreteness property of the operator Dx.a it remains to 
apply Theorem l5.261 

Let now Q 0. Since Q{-) is strongly subordinated to D'j^ ^, general case is reduced to the previous one by 
applying Corollary 15.281 □ 

To apply Proposition l5.30l to GS operators D^aiQ) with certain unbounded potentials we establish the following 
analog of the classical Hardy inequality. 

Lemma 5.31. Assume that d*{X) < oo. Then for any f G PF^'^(M+ \ X) and satisfying /(O) — the following 
inequality holds 

\ii^dx < \ r \f\x)\^dx + \ (M*{xf r \f'{x)\^dx + 2 r \f{x)\^d^ . (5.73) 



(5.74) 



4 7o 

Proof. Indeed, by the classical Hardy inequality. 



/ llULdx<- \nx)\'dx, /eT^i'2[0,xi], /(0) = 0. 
Jo X 4 Jo 



Further, since / S VF^'^[xfe, Xfe+i] for any fc e N, one easily gets 

r- < ( , r- % r < ^ (i/(..-,p +411/111,,.,) 

Jxk ^ V XkXk+l Jj;^ X^ J^^ J XkXk+1 V ^ ''V 

Taking a sum of these inequalities and applying Proposition IS.Sf ii) (see formula ()3.45p ) we obtain 

r Ifi^dx < \ (2d*{Xf r \f'{x)\''dx + 2 r \f{x)\''dx + d*{Xf r \nx)\'dx\ . (5.75) 
Combining (|5J4l) with (fSTTS]) we arrive at (|5J3l) . □ 



47 



Example 5.32. Let us present an example of GS operator Dx aiQ) ~ a ~^ Q 0,1^ unbounded potential 

matrix Q{-) = Q*{ ) ^ L°°(R+) (g)C^^^ satisfying conditions of Proposition COOl Let Q{-) = diag(qi(-), (72(-)) 
qi{-) G and an unbounded measurable function q2{-) satisfying 

\q2ix)\<^, xeM+, 7e(0,l], Co>0. (5.76) 

Let us show that for sufficiently small C'o the multiplication operator with the matrix Q{-) is strongly subordinated 
to the operator -D^fce dom(Z)3s: q(Q)) C dom{Q) and inequality (j5.69l) holds for f — (^jfj e doni(Z?x,a)- 

Since qi{-) G i°°(M+), it suffices to estimate \\q2f2\\L'^{M+)- Noting that /2(0) = for f = (jfj G dora{Dx,a), and 
combining inequality (j5.76p with Lemma \5. 31[ we get 

\\q2f2\\L^{M+) < C'o||/2|Il2(K+) + 4CoX;|"^|l/2|li2(js._|_), 

where Cq = Cq max{4^^, 6a;]^^(i* (X)^}. Since qi{-) G L°°(M+), this estimate implies (|5.67p whenever Cq is suffi- 
ciently small. 

Thus, the operator L)'jr ^{Q) ~ a + Q is self-adjoint and has discrete spectrum provided that Co is small 
enough and conditions (|5.7ip are satisfied. Note that strong subordination of the operator Q holds although 52 ^ 
L2(0,e) /or 7 > 1/2. 

Remark 5.33. For any fixed c > conditions ()5.7ip are weaker than the corresponding conditions for the dis- 
creteness of Schrodinger operator Hx.a from \44[ Propositions 5.18] that read as follows 

lim -L-^ = 00 and lim > ^t- (5-77) 

n-i-oo dn n->oo a„a„ 4 

They can be obtained by taking the formal limit as c ^ +cx3 in the left-hand side of (|5.72[) with account of (j5.7ip . 

Note also that if a is negative, conditions (j5.7ip do not guaranty discreteness for the whole family Z)^ ^, c> 0, 
of GS -realizations. 

Example 5.34. Let T = M_|_ and let the sequence X = {a^njJ^Li given by Xn — log(n + 1), so that dn = 
log(l + ^) ~ By Provosition 1 5. 51 the GS-operator D'j^ ^ is self-adjoint for any sequence a = {an}i° C M U oo. 
By Provosition 1 5. 5*01 the GS-operator D'jr ^ has discrete spectrum whenever 

lim — oo and 4c lim > —1. (5.78) 

It is interesting to compare the GS-operator D'jr ^ with the corresponding Schrodinger operator Hx,a with 5- 
interactions (see formula (|5.87p below). Since {dn}'^ G ^^(N), the selfadjointness of Hx.a depends on a ~ {ck„}5j" 
(see 144\ Example 5.12]). Moreover, the pair of discreteness conditions (|5.77p for Hx,a turn into lim„_>.oo n |a„| = 
oo and 41im„_j.oo na~^ > —1 . 

Note that if a is positive, i.e. a — {a„}^ C K+, both pairs of conditions in (|5.7ip and ()5.77p are reduced 
to the first common condition lim„_>.oo ^ — oo. At the same time, if a is negative conditions (|5.7ip and ()5.77p 
are quite different. For instance, Hx,a is discrete (and self-adjoint) whenever an = —(4 + £)(n + ^) + 0(-^), 
e > (see 144\ Example 5.12 (ii) and Proposition 5.18] Hx,a)- On the other hand, Dx a discrete provided that 
a„ = -(4c + e) + 0(i). 

5.2 GS-realizations Dx^'- parametrization by Jacobi matrices and spectral proper- 
ties 

Let X — {a;„}j^(c M+) be as above and let Dx be the minimal Dirac operator given by p.28p . p. 291) . In this 
section we discuss some spectral properties of GS-realizations Dx.p. We compute the corresponding boundary 
operator Bx,j3 parameterizing -Djc,/? in the boundary triplet 11 = {H^TqjTi} for Dx constructed in Theorem l3.10[ 
and show that the spectral properties of Dx^p are similar to that of the GS-operators Dx.a- In what follows 
we confine ourselves to the case of operators i'jc,^ only, although the most part of the results remains valid for 
operators Dx.p{Q) depending on a potential matrix Q ^ 0. 
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Consider the boundary triplet 11 = {H, To, Fi} for D'^ = D*^ constructed in Theorem 13. 101 fsee p.54p for 

the definitions of Fq and Fi). Since /?„ 7^ 0, n e N, the operator -Djc,/3 is disjoint with the self-adjoint extension 
\ ker(Fo) of the minimal Dirac operator Dx- Here Fo and Fi are determined by p.54p . Therefore, the 
boundary relation 9 parameterizing Dx,i3 in the triplet H is a closed operator, Q E C{H). 

Consider the following Jacobi matrix 



/ 



B 



X,fS 














where ^{x) :— 









Note that 







^id2) 



v{d2) 






^ id2) (a 
Hd2) 







_!4d2) 

^3/2^1/2 







~df 



-^(/?3+d3) 



(5.79) 



Bx,p^Rx\Bp-Qx)R 



1 

X ' 





1 









-132 

1 



V 



(5.80) 



where Rx — 0^ Rn and Qx = Qn are determined by p.57p . 

We also denote by Bx,i3 the minimal (closed) Jacobi operator associated in /^(N,C^) with the Jacobi matrix 
(|5.79p . Clearly, Bx,p is symmetric and according to general properties of Jacobi operators n+(i?x,/3) = n_(i?x,/3) < 
1. ' 

Proposition 5.35. Let Dx = be the minimal Dirac operator in L^{I, C^). Let also FE = {%, Fo, Fi} he 

the boundary triplet for D*^ = constructed in Theorem \3.10\ and let Bx,i3 he the minimal Jacobi operator 

associated in P(N, C^) with the matrix ()5.79p . Then the boundary operator corresponding to the GS-realization 
Dx,i3 in the triplet FE, is the Jacobi operator Bx,p, i-e. 



Dx,i3 = DBx,fi D*x \ douY^Ds 



X,I3 > 



dom{DBx,,) := {.f e dom{D*x) 



Corollary 5.36. The GS-operator Dx,p has equal deficiency indices and n+(Z?x,0) = ^-iDx.p 
n±{Dx.p) — n±{Bx,i3) ■ In particular, Dxjj is selfadjoint if and only if Bx,p is. 



Fi/ = BxjiTof}. (5.81) 
< 1. Moreover, 



Proof. The proof is implied by combining Proposition 15.351 with Corollary 13.12^ 11) and the known properties of 
Jacobi matrices [1], [10]. □ 

Proposition 5.37. Let Dx be the minimal Dirac operator in L^(T, C^) and let Dx.f} be the GS-realization of Dx. 
(i) If \T.\ = +00, then Dx,f} is self-adjoint, 
{ii) If |T| < 00 and 

00 

Y,\PnWdndn+l=+^, (5.82) 
n=l 

then Dx,f} is self-adjoint. 



Proof, (i) By Corollary I5.36[ n±{Dx,f}) = n±{Bx,p). Alongside the Jacobi matrix Bx,i3 of the form (|5.79p we 
consider Jacobi matrix B'^ ^ obtained from Bx.p by replacing its off-diagonal entries by their modulus (cf. with 
construction of the matrix B'-^ ^ of the form (|5.9p ). The matrices Bx,i5 and B'-^ ^ are unitarily equivalent. Self- 
adjointness of the operator B'^ ^ follows from the Carleman test. In fact, the proof coincides with that of Proposition 
15.51 since the off-diagonal entries of the Jacobi matrices B'^ ^ and B'^ ^ coincide. 
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(ii) The proof is similar to that of Proposition [STZl Applying the Dennis- Wall test (see (TJ Chapter 1, Problem 
2]) to the Jacobi matrix B'^ ^ yields self-adjointness of B'^ ^ provided that 

oo 

\dn + (inWdndn+1 = +00 . (5.83) 



Since \X\ < +00, one has '^n V dndn+i < 2|Ip < +00. Thus, the series in ()5.83p and the series in (|5.82p 

diverge only simultaneously. □ 

All previous results on spectral properties of the GS-operator Dx,a have their counterparts for the realization 
Dx,0- They can be proved directly in a much the same way but we prefer another way described as follows. 

Alongside the GS-realization Dx^a we introduce another GS-realization £>x,a being the closure of the operator 

D\,o.=D\d0Ta{&xJ, 
Aom{D\j e Wl,l,^{I\X) ® : A e ACioc(I), /a e ACioc(I\X); 

/l(a+)=0, h{^n+) - f2{Xn-) = -^h{Xn), nGNj, 



i.e. Dx,a = ^x a- "^^^ following statement is immediate from the previous definitions. 

Proposition 5.38. Let a — Then the realizations Dx.p and —Dx.a CLfe unitarily equivalent. More precisely, 

the following identity holds 

U'^Dx,f!U = ~Dx,c, dom{Dx,c)^U-^dom{Dx,^), a = c^/? , 

where U is the unitary operator, 

U : L^(I)(g)C^ ^ L^iI)®C^ , U:=l(g)(72, 

and a2 is one of the Pauli matrices given by (|3.2p . 



Proposition 5.39. Let a = /3c^. Then the GS-realizations Dx,p and Dx,a O'fe selfadjoint only simultaneously. 
Moreover, the spectrum a{Dx,i3) of Dx.p is either discrete or purely singular if and only if so is the spectrum 
<y{Dx,a) of Dx,a- 

Besides, the ac-parts of the operators Dx,a and Dx.p are unitarily equivalent. 
Proof. Assume that Dx,a is selfadjoint. Then its restriction 

S Dx.o. \ dom(5), dom(5) dom(i5x,„) n dom(Dx,a) = {/ e dom(Dxa) : /i(a+) = o}, 

is a closed symmetric operator with the deficiency indices n±[S) = 1. Therefore, by the second von Neumann 
formula, dim(dom(£'j(:^Q)/ dom(S')) = 1 and Dx.a being a symmetric operator is selfadjoint too. Moreover, since 
n±{S) = 1, the resolvent difference 

{Dx,o.-z)-^-{Dx,c.-z)-^ (5.84) 

is rank-one operator. Therefore the operators Dx,a and Dx,a have either discrete spectrum or purely singular 
spectrum only simultaneously. Moreover, by the Kato-Rosenblum theorem their ac-parts are unitarily equivalent. 
To complete the proof it remains to apply Proposition 15.381 □ 

Remark 5.40. Let r : dom(£'x.Q) — > C 6e the trace mapping given by T{f) := fi{a+). Clearly, it is continuous 
and surjective. Since dom.(Dx,a) H doni(Dx,a) — dom(_Dx,Q) H kerir) is dense in L^(Z), the operator Dx,a can 
be treated as a singular perturbation of Dx.a in the sense of \64^ . This leads to an alternative proof of Proposition 

Combining Propositions 15.51 and (|5.7|) with Proposition 15.381 yields an alternative proof of Proposition 15.371 
Moreover, using Proposition 15.381 one can obtain the counterparts of the results of Sections 5.4 and 5.5 on spectral 
properties of Dx,a- 

We demonstrate this possibility by stating the following result on discreteness of Dx,p. 
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Proposition 5.41. Let X = {j;„}f=(c P = {/3j}f C 



lim 



00 



Assume that lim„ 



1 1 
lim — — > --. 

n— i-oo cpn 4 



and 



(5.85) 



Then the (self-adjoint) GS-operator Dx.p on the half-line has discrete spectrum. 

Proof. The statement is immediate by combining Proposition 15.301 with Proposition 15.381 □ 
5.3 Non-relativistic limit of Gesztesy-Seba operators 

Let, as in Section 3.2, X = {xn}^=i{c M+) be a discrete set and a = {a„}^, /3 = {Pn}T C R. 

In this section we consider the non-relativistic limits of Gesztesy-Seba operators ^ :— Dx,a and I?^ ^ := 
Dx.f} using their parameterizations with respect to the boundary triplet 11 = {?^,ro,ri} constructed in Theorem 
IXlTIl By Propositions O and [533 



D*x \ ker(ri - i?i,„ro) and 2?^,^ = Db^^ , - D*^ \ ker(ri - i^i.^To), 



(5.86) 



where -B^ and ^ are the Jacobi matrices given by (15. 5p and (|5.79l) , respectively. Here we indicate explicitly 
the dependence of all operators on the parameter c by writing I?^ ^, D'j^ ^, ^ and i?^ ^ in place of Dx.ai Dx,p, 
Bx,a and Bx./i, respectively. 

Following [3] we recall the definitions of the operators which describe Schrodinger operators with 5 and 5' 
interactions, respectively (cf. also [HI Sections 5, 6]). Let 



Hx,a 



^ rdom(i/lJ, 



dom(iJ^, J ={/ e W!,l^{I\X) : / € Aaoc(X), /' € ^Cioc(X\X); 

/'(a+) = , /'(.x„+) - /'(x„-) = a„/(a;„), n e n}, 

rf2 



(5.87) 



^ rdom(ff^,^). 



dom(iJ^_^) e W^2.2^p(l\X) : / e Aaoc(A^), ./' e ^aoc(l); 

/'(a+) - , f{xn+) - fix,,-) = /3„/'(a:„), n G n}. 



(5.88) 



Then the operators Hx^a and i?x,/3 are defined to be the closures of iJ^ ^ and respectively. 

If I = M+, the operator Hx,i3 is selfadjoint in L^(K+) for any /3 ([15l Theorem 4.7], [HI Theorem 6.3], although 
Hx,a is only symmetric with equal deficiency indices n^{Hx,a) = n-{Hx.a) < 1 (see [Hj). Moreover, Hx,a 
may have non-trivial deficiency indices n±{Hx,a) = 1 (see [BS], [lH Section 5.2]). However, the operator Hx^a is 
selfadjoint, Hx,a = ^, provided that it is semibounded below ([H Theorem 1], see also the recent publication 
[55j for another proof). 

It is shown in [44j that certain spectral properties of Hx.a closely correlate with the corresponding properties 
of the following Jacobi matrix 



BxAH) 



V 

















dl' 




d~'^'d^'^' 











d-'^'d-'^' 




-d2^ 










-d2^ 




d-'^V^' 











"2 "3 


02^3 ^ 



(5.89) 



As usual we identify the Jacobi matrix Bx,a (H) with (closed) minimal symmetric operator associated with it and 
denote it by the same letter (cf. (|5.7p ). Recall that Bx,a{H) has equal deficiency indices and n±{Bx,a{H)) < 1. 
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The Jacobi matrix Bx,a{H) coincides with the matrix given by (I5.5P with v{x) = 1, i.e. with c = oo. 

Note however that in the case X^fceN'^'^ ~ ^ matrix iJ^ai ^ ^ always selfadjoint though the matrix 

Bxa{H) might be only symmetric (see jUJ Section 5.2]). 

Similarly, according to [44. certain spectral properties of Hx,i3 closely correlate with the corresponding properties 
of the Jacobi matrix Bx,fj{H) given by 



BxAH) ■■= 



( 















-{/3i+di)d^^ 


d-"^d-"' 











d-"^d-"' 




















,-3/2,-1/2 
"2 "3 











d-"'d-"' 






V 



(5.90) 



Denote also by Bx.piH) the Jacobi matrix defined by (|5.79p with v{x) = 1, i.e. with c — oo. 

The Jacobi matrices Bx.a{H) and Bx.(j{H) first appeared for the parametrization of Schrodinger operators 
Hx,a and Hx,p with 5- and (5'-interactions, respectively (cf. [44, Proposition 5.1] and [44^ Proposition 6.1]). Let 
us recall these statements: 

Proposition 5.42. Let H = {■HjFojFi} he the boundary triplet for constructed in Theorem \4-5\ Then the 

boundary operators corresponding to the realizations Hx.a o,nd Hx,p coincide with the minimal Jacobi operators 
Bx,a '■= Bx,a{,H) and Bx,p '■= Bx,p{H), respectively, i.e. 



Hx,i3 = Hbj, 



mill 



dom(i7s^., J = {/ e W^-^{I\X) : Fi/ = Bx^aTof}, 
dom(ffBx.,) = {/ e W^'^I\X) : Fi/ = Bx^pTof}. 



^x,i3 -'-^miii I ^^^^-^K-^-^ ^X,I3 J ^ ^^^^^\^^ i^x.p 

Moreover, n±{Hx,a) = n±{Bx,a{H)) < 1 and n±{Hx,p) = n±{Bx,fi{H)) < 1. 

Then the following results on the non relativistic limit hold: 

Theorem 5.43. Let X = {x„}5"(c R+) be a discrete set and a = {a„}f , /3 = {/3„}f C 
(i) Assume that T ~ M_|_ and Hx,a is selfadjoint. Then 



hm {D'x^^^{z + c^l2)Y 



1 




(5.91) 



{Hx,c.~z)-^^ 

In particular, (|5.9ip holds provided that Hx,a is semibounded below. 

(ii) Assume that T R+. Then the operators L)'^ c < oo, and Hx,p are selfadjoint and the following relation 
holds 



s - ^ hrn^ {D3,^0 -{z + cV2)) ' - {Hx,p - z)-^ (g 
(iii) Assume that T = (0,6) with b < oo. Assume also that 

oo oo n 

\(3n\^/d^A^ = +00 and |y^(/3i 

n=l 

Then relation (j5.92p holds. 



1 




oo. 



(5.92) 



(5.93) 



n=l 



Proof, (i) Firstly, by Theorem 15.91 the operator D'j^ ^, c < oo, is selfadjoint for any a C R and any c > 
since X = R+. Therefore, by Proposition 15.21 B'^ ^, c < oo, is selfadjoint too. Further, let Bx,a{H) be the 
minimal Jacobi operator associated with the matrix (|5.89p . By Proposition 15.421 Hx.a = Hx,Bx a- Moreover, by 
Proposition [EH Bx,a{H) = Bx,a{H)* since Hx,a = H*^^^. Combining ([53]) . ((5^ and ([O^ with the obvious 
relation limc-i-oo vicx) = 1 we get 



hm B'x.^h 

C— J-+00 



BxAB)h for all hell{n,C^). 



(5.94) 
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Note also that, by the definition of a minimal Jacobi operator, Zq(N, C^) is a core for both (selfadjoint) Jacobi 
operators Bx.a{H) and Bj^ ^, c S (0, oo). Applying Theorem 14.81 we arrive at the relation (|5.9ip . To complete the 
proof it remains to note that Hx,a is selfadjoint, Hx.a — H'^ ^, provided that it is semibounded below (see [H 
Theorem 1]). 

(ii) Let I = R+. By [T3] (see also [441 Theorem 6.3(i)]), Hx p ~ ^. Combining this relation with Proposition 
^ yields Bx AH) = Bx AH)*- 

On the other hand, by Proposition I5.37f i). -D^ /3 selfadjoint too, D'jr ^ = (D^f^)*? c < oo. Further, by 
Proposition 15.351 -D^ ^ ~ ~ t ker(ri — B^^Fq). Therefore, by Proposition I3.12r iil. -B^^ is self- 

adjoint too, -Bx ^ = (Bx p)* ■ Note that alongside (|5.94p we obtain from (|5.79p and (|5.90p a similar relation 
lim,^+oo = BxAH)h, h e ;2(N,C2). 

Again, by the definition of the minimal Jacobi operators 5^/3 ^"^^ Bx.jsiH), ^q(N, C^) is a core for both of 
them. To arrive at ()5.92p it remains to apply Theorem 14.81 

(iii) Let \I\ < oo. By Proposition l5 . 37( 11) . selfadjointness of the GS'-operators D'j^ c G (0, oo), is implied by the 
first of conditions (|5.93p . Combining this fact with Propositions 15 .351 and 13 . 1 2^ 11) . we get ^ = (i?^ ^)*, c < oo. 
Further, by j44l Theorem 6.3(ii)], the second of conditions (|5.93p yields Hx,i3 = p. In turn, by Proposition 
15.421 Bx.piH) = Bx,i3[H)* . The proof is completed in much the same way as the proof of statement (i). □ 

Remark 5.44. 

(j) Note that condition Hx,a = H*^ ^ hence the conclusion (|5.9ip of Theorem \5.4S\ is satisfied for any sequence 
a = {Q!n}i° C K provided that d'j = oo \44\ Proposition 5.7] (see recent publications \4(^ , \62\j for other proofs 
and generalizations) . In particular, the non-relativistic limit (I5.9ip is valid whenever dif{X) > 0. Under the latter 
assumption both statements ()5.9ip and ()5.92p were originally obtained by Gesztesy and Seba JSOf (see also |2l 
Appendix J]). In this case the uniform convergence in (|5.9ip . (|5.92p holds. 

(ii) Clearly, conditions (|5.93p can be replaced by the assumptions of selfadjointness of operators D'j^ p, c > 0, and 
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